1.4. Laplace Transform:
Several techniques used in solving engineering problems are based

on the replacement of functions of real variable (usually time) by
functions of a complex variable dependent up on frequency. The Laplace
transform is very important transformation technique for linear control
system analysis. Applications of this mathematical transformation are to
solving linear constant — coefficient differential equation.

The Laplace transform is defined in the following manner:
F&)=LIf@]=Jf, e [f®1dt....cccooe...

Where:
f (t) is a function of time t such that f (t) =0 fort <0,
f (s) is Laplace transform of f(t),
and the variable s is referred as the Laplace operator which is a complex
variable |, that is s = 6 + jw ,where 6 is the real component and w is the
imaginary component .

A

w

-jW

v

Fig (1-5) s-plane



Common functions

The unit impulse function

t+0
6(t)={000 F =0

The unit step function

u(t)=0 fort<o
u(t)=1 fort>0

The unit ramp function

f)=0 fort<o
f&H)=0 fort=0

The exponential function

F(t)=0 fort<0
F(t)=e % fort>0

The sinusoidal function

F{)=0 for t <0
F(t)=sin (wt) fort>0




Example
Find the Laplace transform f (s) of the unit step function defined by
f()=0 fort <0
f(t)=1 fort>0

Solution:

£(s)=1[f(D] = J, L.e~stdt =—e ™| § =-2[0~1] =

| =

s
Example
Find the Laplace transform f (s) of the exponential function defined
by f(t)=0 fort<0
f(t)y=e 2 fort>0
Solution:

f(s)=1[f1)] = [,” e"*e tdt =[ e C+It gt

e pta)t] o —_ L rg_171= Lo
s+a € ]] 0 s+a [0-1] s+a
Table 1.1 Laplace transform pairs
Time function Laplace transform
Unit impulse o(t) 1
Unit step u(t) 1
S
Unit ramp t 1
s2
Polynomial t" n!
st+1
Exponential e %t 1
S+a
Sine wave sin wt w
5% + w?
Cosine wave cos wt S
s? + w?
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1.5 Properties of Laplace transform

The Laplace transform and its inverse have several important

properties which can be used advantageously in the solution of linear

constant coefficient differential equations .they are:

1

L [Af(1)] =Af(s)

2

LIA@+ (O] =F1(s) + F2(s)

3

T (0] =s F()- f(0F)

LFL () =5 F(s) ~sf04) - FOT)

LE[[ F©)dt] =22+ 2 [[ f(O)dt]t

L [ FO) @O =22 480y o = [ o ] FE)(@DF o

F (s)

LIfy f(®)dt]

fo f(t)dt = limg_o F (s) if fooof(t)dt exists

L[e™ f(t)] =F(s + a)

10

LIf(t0) 1(t—0)] = e S F(s) 20

11

LItE®)] = -i - F(s)

12

LIEfM)]= F(s)

13

L"f ()] =(-1)" ;n F(s) n=123,.. ...

14

L [— f()] = fs F(s)ds if llmt_,o f (t) exist

15

L [f( )] = a F(as)

16

L [fo f1 (t-7) £, (7) dr] = Fi(s) Fa(s)

17

LIE0e0] =5 [ Fi(p) G(s-p) dp
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18. the initial value f(0+) of the function f(t) whose laplace
transform is F(s) is
f(0+) =lim;o f(t) =limgo SF(s) t>0

this relation i1s called the 1nitial value theorem.

19. the final value f(00) of the function f(t) whose laplace transform
is F(s) 1s
f(o0)= Rg]o f(t) = £l_£% s F(s)

this relation is called the final value theorem.

1.6 Inverse Laplace Transform

Inverse laplace transform can be expressed as follows
LFs)] =) = % [F(s)eds, fort>0

This expression is complicated for finding inverse of laplace
transform thus there are two simpler methods as follows :
1. Use the table of laplace transform

2. Use partial fraction expression method

Partial fraction method
This technique wuses partial fraction method to split up
acomplicated fraction into forms that are in laplace transform

table.

12



B D‘.S-‘-ir\c‘\ Re—ﬂ\\ Roa{s

E XQ.MP‘(

F?r\d e nVerse LaF\aCe —\-rav\Sg—o/M aS:

FCS) = S\
g ( st 2)

Saeluntion

F(s) = Sl - ._A_‘_ + Az

oy ape———

$(s+) 5 P2

we Can ﬁ.:nA AN\ae A‘VJO wnwhne wa C@C??;Cl&f\t

W Sing e © cover - up " metued

A\': LS"")@
(A \;-:
A, = (S+DE5p -
s (D —c .

-
-

A
z

Sc) \
Vo L
F(8) ="£”§ T T2 Laz
A 4+
oA~ -2
pety= A Yy e 5 t7e



* Ovrder of Numerator Polynomial equals o
3(eo\‘1:ef' o(a(er aﬁ a’.enom:na-\-ovf

E XawmPle

F‘T“J e inVerse of L-qudlCC ‘l"fdﬂSﬁa/M cp

So\u‘l‘:of\ ae

F:’ "‘\\c pfachav\ Shown above e afcl.cr oC
e AUM evatov Pb\jﬂo\ﬁ‘\:a.\ ‘S not legs t\han
“\~¢v\‘ o[.’ e J.CAoM‘-na.*\-or Polj Nom ial.

“\\ere CoJC wWe must Perform long divigion.

2
AR I NPT
23 4 95 4¢

_FS -3
/\/avJ ; We can e xPress e (:fd.cjcio"‘ S

acons tant Plus aProefer vatio af- Pc\jnoM1a~\S.
73

Feey= 3 + =
S 438+ 2

14



1

~F8 -3
($+0(g+2)

Al A'z_

2 o

s+l T < a2

C

USing ‘\'\me‘(CaVCf—LLP\‘Mﬁ‘{'\&aJ e 9et

A = H
Az = -l
F¢s) = 34 A
s+ s+ 2
Se ,
Cet) = 3 8L 4 gt

15



> R CP&&“'ea\ RM\ Roo‘l’_S

EXaMPlt
Find +he invVer<e | aPlace trangform of
2
F(f) :—5‘ ul .
S+ 2)
So‘u.'l'fov\ 5
YA
SP{g+2) 52 s

U~5M3 \ne "Cavcr.. wp " ma-\-\..oo{ .

A, = 8\ Yz

.

16



VJC CW\O\ )(\Ac o\\fse/ ke_rM U~S1nj Cvro SS -

Mulliplicakion 1—

L
S x\

I

2 A Az Az
+ 2 LS —_—
S | s A s ;,_]

= S'ZA. v s(s¥2) 4, +(842) Asg

\]

Equa{znj like Rwers of «S' gVes asSt

L = A + A2
o = 2.A2. +A3

= 2-A3

. 5 _1_ L ! __'_.

F(S‘) -~ - +L"‘ o s -+ 2 sz
and

P ¢4) s 2t Lt ,t7

“o “ 2 ?

17



% ComPlex Roeots

EK::\M PIC

Find e in VerSe L.aPlace ‘{:‘('owsS'CofM o[:

25 + 1%
Fesy= — —
s x 25 +5

So\ut';od\ -

S 28 45 (8 F32)(#+1-32)

s’t_\.zs‘ + 5

le +2. C 5"“2_
(8+)% 4 2°

—

18



1.+ So\\/n‘nj Linear Constant - Coeﬂ::c:ew’t ollppefgn.\.
equ-a-{'fov\.s o

iaf

Solving linear Consbant coelfficient differential

Cqua"&:ons \oj LapPlace -\-_«amsﬁarm AS s\hown in

N\e pa“ovudw\j +uo eKAM?\CS

EXa«M P’é’

‘—-"mci Me Solubion of X(4) oF e thcerewha\\
e‘]ud‘kiow\

-

X +3X +2X 20 , X(oyza » XCo)=b
N\,\gfe A a\wcL b ave Covxs—\-a&{'S

Sa\\&’c lown Qo

Lo LX] = 5 Xy — X()
L LXT 2 "X~ ¢ xeor - K¢

e J:Bperen‘l-:a\ C?M":\'OV\ Eecon«e

[S.?— X&) ““5'*“3]+3ff><<s>_aj+zx<:>=o
(55438 +2)X() =aftb +3a

19



a8 +b + 3a

X(S‘)=Aa§+\9+3a‘- ~
2“4+ 38 +2 (2+)( §+2)
— 2a + b B axb
S 4\ s+ 2.
neh = 17 [ xe]
_ -t 2a +b J_:_‘ "~ axrb
= = { St ]-" {5‘*-7-]
- (2_0\-\-\o) é‘e—-<a'\'b> é-z{) £a~/{'—>/°
E XamPle
F;ﬂo\ e Solut ion 0$ X(*) of 'H'\e ol"tﬂcfcv\%\‘a\
Eﬂu.a-\-\‘on

X 4+ 2 X +5X =3 2 )((a):o,X.Ca):o

Soelut oW

p—

2
SR + 28 X( 4 5X(s) = 2

X(s)=__3 —
s( ¢ty 28+5)

X(H) = L= [ X¢m]

20





