Homogenecous Hioher Order Differential Equation

It is homogeneous if F(x) =0

Example A
Y =6)"+11y' -6y =0

D’ -6D*+11D-6=0

Factors of 6 are: (il, +2, +3, ié}.
J=(Y -6 +111)-6=0 = =1,
S(Dy=3D*~12D +11 |

S'(M)=301) —12(1) + ] .1 =20 = 5 =1 isnot a repeated root.
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D*-5D+6=0 |
(D-2)D-3)=0 =  r,=2andr=3
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Example
Y'=6y"+2y'+36y=0 = D*-6D*+2D+36=0
Factorsof 36 are: (+1, +2, 3, . . ) |
S =0 ~6(1) +2(1) +36 =33 20
F(=1) = (=) = 6(=1)2 + 2(=1) + 36 = 27 2 0

F@)=(2 =6(2)* + 2(2) +36 =24 %0
D)= (-2 —6(-2) +2(-2)436=0 = r=-2
f(D)=3D*-12D +2 .

f(=2)=3(=2)"-12(-2)+2=38%0 ' = r,=-2 isnota repejated‘ root.
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f2‘3=4¢j\/§- = r2=4+j~/§ & r3=4.—j\/’2_
= a=4 & p =_-f2_

y=Cet ™ (C, cos(Bx )+ C, sin(fx))

y, =Ce™ +e (C, cos(v2x)+ C, sin(v2x))



D,

w2 do=—| ans)ds =~ sin(x)

dx = Incos(x)|
cos(x) |

v3=f%dx=—fdx=—x

Y, =V, + Vi, + v,

= Infsec(x) + tan(x) + (ln[cos(x}f)sin( Xx) = x cos(x)

The general (comp}‘é}e") solution is
y = yh + yp

=C, +C, sin(x)+ C, cbs(x) + Insec(x) + tan(x)| + (In|cos(x)| sin(x) - x cos(x)

Example

Y-y =4x +6x°
- The homogeneous solution is fdund‘by solving y"~3'=0
D'-D=0 = D(DzA—l)=0
DD-1)D+1)=0 = =0, ,=1&r,=-]

¥,=C +Cye" +Cie™*

- To find the particular solution, let |

¥, =.x(Ax3 +Bx* +Cx+ D) A+ B 4O+ Dx

Y, =44x’ +3Bx* +2Cx+D = y" =124x* +6Bx+2C
y,=24A4x+6B



(244x+6B)~ (44 +3Bx? + 2Cx + D)= 4x* + 6x°
-44=4 = A=-]

-3B=6 = B=-2 |
244-2C=0 = 24(-1)-2C=0 = C=-12
68-D=0 = 6(-2)-D=0 = D=-12

= y,=-x'-2x"-12x* - 12x

The general solution is

) x -X 4- o3 2 >
y:—_yh+yp =C'l +'CZe +C3e -x =2x" -12x —1A2x

Example
Yy -8y" +16y = -18sin(x)

The homogeneous solution is found using |
@ -8y"+16y=0 = D*'-8D*+16=0
(D*-4f =0 = r,=%2& 1, =%

ax : -2
y, =Ce” +Ce™ + C,xe™™ +C,xe™

To find the particular solution, let |

y, = Acos(x)+Bsin(x) = y, =~Asin(x)+ Bcos(x)

yh=-Acos(x)- Bsin(x) = y,=4sin(x)~8 cos(x).'

o' = Acos(x) + Bsin(x)



(Acos(x) + Bsin(x))- 8(~ 4 cos(x) - Bsin(x))
| +16(Acos(x) + Bsm(\)) ~18sin(x)
(A+84+ 16A)cos(1)+ (B+8B+168)sin(x) = ~18sin(x)

- => 254=0 = A=0
-18
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= 25B=-18 = B=
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YEY Y, = Ce¥ +Ce™ + Cyxe™ +C,xe™ - ?sm(.}:)
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Exercises

Fmd the solutzon of the followmg Dz_[ferentzal Equatzons

1) y+y 3x? | 2) Y'+2y'+y= %

3) y +2J’ +3y-727x‘/ 4) y”+y=?¥305in(4x)

5 y”+y=6siﬁ(x) : | 6) yf’+4y’+3y=sin(x)+2005(x)‘":
) Y4y +dysi8eoshx) ) yo2yidy=detcosy)
\ 9 y(‘)-'Sy"+4y-lOcos(x). 10 Yy -2y =3e"

1) Y+y= x+x3 o 12) " -y= e

13) 2}""}’ e’ y+y+y x* +4x° +12x

15) y"+2)"-y'= 2y 1 4x° 16) y"—2y'+2y =2e" cos(x)





