- Steps for Solving other Form of Linear First Order Equation

There is another form of differential equation that can be written in the form

%+ PO)x=00)

where P and § are functions of ). The solution is found as follows:
" i Putitin standard form and identify the functions P and Q.

ii.  Find-an anti-derivative of P(}).

T e . . 4 Piy)
. Ui Find the integrating factor p(y)= 'Y

iv.  Find x using the following equation

r=— (ly) [p(1)00)dy
Example | |
Solve the equation e’ dx + 2(xe? — y)dy =0. a
Solution

Dividing the differential equation by e*’dy .to get

ix—+2x—2ye'2"- =0

dy

dx = - “y | = ) — =2y

-d—+2x—2ye =  P(y)=2, Q(y)=2ye
y .

fP(y)dy = JZdy =2y,  p(y)= ejp(_v)d.p Y

X = 1 J‘(ezy X2ye"2_v py + C = ez‘\'x = 2 J‘ycj); + C

e'.’_r

. )" .
e¥x=224C = ex=y' +C



_ Reducible to Linear

<+ The general form

-‘f;’ + P(x)y = 0(x) S (¥)

where the function f is y to any power h.

< Also it may be ir. the following form
d“"‘ I Fd AN 4 ..'. \\
Z?’L Pix)g{y)= Q(x)h(y)

where the function g and 4 are functions of y.
‘Example
| y |
Solve the equation & + Y- ln(x)y2 .
dx x -

H

Solution |

. Dividing the two sides of the equation by ¥’

1dp 1
+ — = In(x)
y'dx xy
dz 1 dy ‘ dy 2 dz
Let z =— =T = ==—y'=
= y = dx y? dx - dx d dx
N )
dx x |
i"?-—lzs-ln(x) = p=_1 O =-In(x)
dx x X ; |

: -1 _
jP(x)a;x = [—dx=-In(x)



ln(x);'-' ln(}[) =1 |

PO —tnir)
frerds _ gt _ gt _ g

p(x) =e

p(x)z = [p(x)Q(x)dx+C

Example
L ay 1
Solve the equation - +xsin(2y) = xcos ()
Solution
Divit!ng the two sides of the equation by cosz( y)

1 dy  _sin(2y)
C 2 +X 2
os’(y)dx  cos’(y)

=x = secz(y)-dl+ :
dx cos (y)

- sec’(y) dy+x25m(y) =x = secz(y)g-+2xtan()’)=x
- dx  cos(y) dx
Let z=tan(y) = % _sec’(y)Z Y _ 2 &
- dx dx dx sec’(y)dx

-d£+2xz=x = P=2x, O=x
dx .

_[P(x)dx = JZxdx =x’ = p(x) = ef"(-‘m' — "
p(x)z = Ip(X)Q(x)dr +C

e
)

—

+C

eV z = fe“z(x)dx+ cC = e tan(y) =

B 2sin(y)cos(y) _



Another Form of Reducible to Linear

¢ The general form may be as follows

dx o
- P(y)x=0(y)f(x)
Ly
where the function f is x to any power n.

 Also, it may be in the following form
ax . .
—+ P y)g(x) = O(y)h(x)

where the function g and A are functions of x.

Example
Solve the equation cos(y)dx = x(sin(y) — x)ay

Solution
Dividing the two sides of the equation by cos(y)dy

. ‘ 2 :
dx _ sin(y) X — _x = E - xtan(y) = -x? sec(y)

dy cos(y) cos(y) dy
Dividing by x?, we get
l1dax 1,
————tan(y) =—sec
T 0= sl
Letz=—- =— = —=-x‘=
x dy x"dy dy dy

- % - ztan(y) = ~sec(y)

;ﬁy+ztan(y)=sec(y), => P=tan(y), Q=sec(y)



POy = ran(y)dy = [ S22 gy - _1nfeos(y)

cos(y)
: |
_ fP(y)dy _-In(cos(y)) _ _In(eos(y))" _ m(m(y)) —enn 1
p(y)=e =e =e =e =sec(y)

Pz = [P0y +C

sec(y) x 1 = fsec(y)‘rsec( way+C
X

secty) =tan(y)+C

secx(y) = [sec!()dy+C. =

L4

Exercises

Find the solution of the following Differential Equations

1) y'-y=3 o 2) Y +2xy=0

3) y"+2y=6e‘ | 4) y' -4y=2x-4x’

5) y+ y%sih(x) ©6) Y +2y=cos(x)

7) y’:+ky=e"“ | 8) ¥y =(y-1)cot(x)

9) xy'-2y=x’e" 10) x’y'+2xy =sinh(3x)
1) y-y=e, y1)=0 1) Y=+ p0)=0
13) y+xy=xy" | 14) y'+x'y=x"y | |

15) 2xy'=10x"y’ +y 16) y'+y=xy"



Exact Differential Equations

Example
I f(x,y)=C and f(x,y) =Sin(xy)then

i—i = ycos(xy)+x cos(xy) ;/; =0, or
df = ycos{xy)dx + x cos(x))ady =

Le, Vcos(xy)dx +xcos(xy)dy =0

, and

? l‘Qé

From the above equation, we see that M(x,y)= veosix) =

A f ' _
N(x, y)=xcos(xy) = —%— The solution of this differential equation is f(x, y)=C.

Exact Differential Equation Test
A differential equation M (x,y)dx+ N(x, y)dy =0 is said to be exact if for

some function f(x, y)

M(x,y)dx+N<x,y)dy=§’;—dx+af;dy o

is exact if and only if aaAyl aai[
Example
> The equation (x*+ y*)dx +(2xy +cos(y))dy =0 is exact because the partial
derivativeé |
‘Z‘y‘ ;(x +y1)=2y, D=2 (2 cos() = 2

are equal.



» The equation (x+3y)dx+(x*+cos(y))dy =0 is not exact because the partial

derivatives
?y/[ ;y(x 3y)=3, aa]xv ax(x +cos(y)) =2x

are not equal.

Steps for Solving-an Exact Differential Equation:
i Match the equation to the form M<(x, y)dx + N(x, y)dy =0 o identify M and
N.

~ii. Integrate M (or N') with respect to x (or V), writing the constant of | mtcgranon

as g(y) (or g(x)).
iii. D.ifferentiate with respect to y (or x) and set the result equal to N (or M) to -
find g'(y) (or g'(x)).
iv.  Integrate to find g(y) (or g(x)).

v.  Write the solution of the exact equation as f(x, y) =C.

Example
Solve the differential equation

(x* + y})de+ 2xy + cos(y))dy =0.
Solution

Stcp I: Match the equation to the form M (x, y)dx +N(x, y)dy 0 to ldentzjfy M.
M(x,p)=xt+ )’

Step 2: htegrate M with respect to X, writing the constant of integration as ¢(V).



. 3 3 .\'3 3 |
S y)= [M(x,p)d = (x4 %) = T e

Step 3: Differentiate with respect 10 y and set the result equal to N 1o find g'(y).

3
gy-(i;- tay’+ g(y)] =2y +g'(y)

2y +g(y)=2xy+cos(y) = g'(y)=cosy)
Step 4: Integrate to find g(y).

[§'(v)dy = [cos(y)dy =sin(y)

Step 5: Write the solution of the exact equation as f(x,y)=C.

X3 2 .
?+xy +sin(y)=C

Another Solution

Step 1: Match the equation to the form M (x, y)dx + N(x, p)dy =0 to identify N .
N(x,y) =21y +cos(y) |

Step 2: Integrate N with respect to 'y, writing the constant of integration as g(x).

f(x,9)= [N(x,y)dy = [(239 +cos(y))dy = x* +sin(y) + g(x)

Step 3: Differentiate with respect to x and set the result equal to M to find g'(x).

Eax-(xy’ +sin(y) + g(x))= * + g'(x)

y+gn)=x'+y' = gx=x



Step 4: Integrate to find g(x).
| ,
g (x)dx = |xide ==
[g'(x)dx= | 3
Step 5: Write the solution of the exact equation as f(x,y)=C.

3 .

x?+xy2+sin(y)=C

Reducible to Exact |
A differential equation M (x, y)dx+ N(x,y)dy =0 which is not exact can be
made exact by multiplying both sides by a suitable integrating factor p. In other words,
the equatioh
PM(x, y)dx + pN(x, y)dy = 0

is an exact equatiod for an appropriate choice of p.

Method to Find the Integrating Factor
oM ON

—— e —

w If M

= f(x) or Constant then p(x)= ejf(")d‘.

N oM

B If M
M

=-1(y) or Constant then p(y) = eff (-""’-".



Example
Solve the equation 2ydx + xdy =0

Solution
M(x,y)=2y = @/j— =2
oy
S A N
Nx,yy=x = aA =]
This equation is not exact
ox 2-1 1 '
2 Ny kW

[Fx)de= | -)l-c-dx = In(x)

S(x)de
Jrime e = x

- plx)=e
Multiplying both sides of the equation by the integrating factor p(x) = x, we get
- x(2ydx+xdy)=0 = 2xyde+xidy=0

oN

which is exact because -a—M- =2x and a— = 2x, and the solution is
J(x,y)= [2xpdx = x’y + g(y)

Sleyeg0)=xegt)

F+g)=x" = g'y)=0
g¥)=[gdy=C = xy=C



Exercises

Find the solution of the following Differential Equations'

15)

17)

19)
21)

23)
25)

ydx+xdy =0
(2x+e’)dx+xe’dy=0

sinh(x) cos(y)dx = cosh(x)sin(y)dy

(1+x})dy + 2xydx =0

ydx+x(1+ y)dy=0

(3y cos(3x)ax - sin(3x)dy)/ =0
xdy - ydx =0

- ycos(x)dx +3sin(x)dy = 0

de+(ylx) dy=0

ycos(x)dx + 2sin(x)dy =0

Byde+xdy=0

2dx +sec(x)cos(y) =0, y(0)=0

2sin(y)dx +cos(y)dy =0,
yO0)y=n/2

2

S

4)
~
6)

8)

10)
1)
14)

16)

18)

20)

22)

M)
26)

(xdy - ydx)/ x* =0
2xIn(y)dx + y"'x’dy =0
e®do+eldr=0
xdy - 4ydx-=0
Qydx+dy)e™ =0

sin(f y)dx = - cos(f y)dy
2cos(r y)dx = msin(x y)dy
3ydx +2xdy =0
2dx-e"dy=0

(y+ Dde-(x+Ddy=0
sin(y)dx +cos(y)dy =0
2xidx - 3xytdy =0,y(1) =0
(2y + xy)dx + 2xdy = 0,
y0)=+2





