Lec.6

Second Order Linear Homogeneous Equations

The linear equation

n

l

d . IJ d))
a (x )PHI""(X) Y= +...+‘a,(x)£+ao(x)y=F(x)
if F(x)=

0 then it is called homageneous; otherwise it is called non-homogeneous.

Linear Differential Operator

It is convenient to introduce the symbol D to represent the operation of
differentiation with respect to x. That is, we write Df(x) to mean df/dx.

Furthermore, we define powers of D to mean taking successive derivatives:

D (%) =D{Df(x)}=ix—2f, D'f(x)=D{D?f (x)f= f

(D +D-2)f(x) = Df<x)+Df(x) 2f<x)-—f-+ Y a1

The Characteristic Equation

 The linear second order equation with constant real-number coefficients is

2
| sz+2agy;+by =(

6r, in operator notation
(D*+2aD+b)y=0
(D~r)D=r)y=0



. Y o b
Solut —=+2a—=+by=0
| olution of = i y
Rootsr & 1, ~ Solution
Real and unequal y=Ce" +Ce’”
Real and equal y=(Cx+C)e’™
Complex conjugate, & £ j 3 y=e%(C,cos fx + C,sin fx)
_ g
Example
Solve the following differential equations:
d'y dy dy ,d
—+==2y=0, b) —=+4—+4y=0(
d 2y dy | d? y
—=+4—=+6y=0, d) —-+4y=0
(C) dxz dx y ( ) dx2 y
Solution
o d2 y dy
a). XY 9y

© The characteristic equation is
D*+ D ~2=0 o
(D-1{D+2)=0 = r=1 and r,=-2
The solution( is |

y= C,el‘r + Cze-zx -



(b)

The characteristic equation is
D*+4D+4=0
(D+2)'=0 = n=r==2

The solution is

y=(Cx+C,)e™

d’y
+4—=—+6y=0
(c) Al T T
The characteristic equation is
D*+4D+6=0
~B+~B*—44C
e = 24
~4+.J(4) - 4(1)6) -4+-16-24
2 = 2(1) T
MR <
—4+/-8 -4t 22

-

r,'2=—21j«/§ = r==2+j42 and r==2-j2
= a=-2 and fB=42

The solution is

y=e(C cosv2x + C,sin~/2x)



d —=+4y=0
(d) . I y

The characteristic equation is
D*+4=0 )
(D-j2)D+j2)=0 = r=j2 and r,=—;2
= a=0 and B=2 "

The solution is

y=Ce082x + C,sin2x

Exercises

Find the solution of the following Differential Equations

1) y'-4y'+3y=0 2) y'-16y=0

3) y'+16y=0. 4 Y-y -6y=0

5) y'+2y'=0 6) y'-2y'+2y=0

) Y +e'y=0, (@#0) 8) Y +4y'+5y=0

9) ¥'-y=0,%0)=6,y(0)=-4 10 y"-9y=0, y(0)=2, y'(0)=0

1) y"=4y'+3y=0, y(0)=-1, 12) Y -3y +2y=0, y(0)=-1,
YO=-5 Y(0)=0

13) y'+2y'+2y=0 14) 4y"+4y +y=0

15)A y'=9y=0 | | 16) y'+6y' +12v=0

17) y" -4y =0 | 18) 4)y"+4y' +17y=0



Second Order Non-homogeneous Linear Equations

Now, we solve non-homogeneous equations of the form

dy . dy
E‘{+2az+by=F(X)

The procedure has three basic steps. First, we find the homogeneous solution y,

(h stands for “homogeneous”) of the reduced equation.

dy dv
——+2a—=+by=0
dx? dx Y

Second, we find a particular solution Y, of the complete equation. Finally, we add

Y, to y, to form the general solution of the complete equation. So, the final solution is

y=yh+yl)

Variation of Parameters

This method assumes we already know the homogeneous solution
Yi = Gy (x) + Couy ()

The method consists of replacing the constants C, and C, by functions v, (x) and

v,(x) and then requiring that the new expression
| Y =ViY TV,

~and by solving the following two equations
‘ viu, +vyu, =0
ViU, +Vyu, = F(x)

for the unknown functions v, and v; using the following matrix notation



u w v | 0
u, U, | vy| | F(x)
Finally v, and v, can be found by integration.

In applying the method of variation of parameters to find the particular solution,

the following steps are taken:

i.  Find v| and v, using the following equations

i 0 uzll w0
JoF®) W —wFE) L Fe)_wF)
S VRN Det’ ol w, Dt
U U u U
LR
where D=
M

ii. Integrate v; and v, to find v, and v,.
iil.  Write the particular solution as

Yy, =Vl TV,

Example
Solve the equation ﬁlz—f +2 % -3y=6
Solution | 0+ 20 )2
- The homogeneous solution y, can be found using the reduced equation
Ay +2i’-l_'-3y=o

dx? dx



The characteristic equation is D* +2D -3 =0 and the roots of this cquation are
(D+3)(D-\) =0 .

n=-3and 1, =1,s0
Yo = Clé—u + Czex
Then u =e™>, u, =e"
e-.‘u ex! e )
192-‘ o 3y ‘_g-'—‘e h“r‘.) 25 —4@ 23
[~ 3™ e‘]
G e L e O,
. -3, | -
. 16 e -6 3 ,_—3 : 6]_663X_3 —
vl - -2x -2x =-ceée, v ~2x - -2x ==é
4e 4e 2 4e 4e
3 1 3 . 3 _
v = [--e¥dx=—=¢", v2=J—e ‘dx=-=e"
2 2 2

y=y,+y,=Ce* +Ce* -2

Example S
Solve the equation )" -2y'+y =¢" In(x)

Solution
The homogeneous solution y, can be found using the reduced equation
y'-2y'+y=0
The characteristic equation is

D?*-2D+1=0



(D-1)*=0

The roots are n=r=1
The solution is ¥, =(Cx+C,)e*
=Cxe’ +C,e’

From: that we have % (x) = x¢’, and u,(x) = €.

D: x x .Xé:x'eiz_(xe2x>+62x)=_82x
xe' +e&* e
0 &
. e In(x) €| -In(x)e™
=200 el 2t gy
-e —-e
xe’ 0
x+ x xl 2x
vézxe e : n(x) =xln(xz)xe = —xln(x)
-e -
v, =».fln(x)dx=xln(x)—x
v, =—fxln(x)dx

=ln(x) = du=-d—x—, dv=xdx = v=
X

x
2
vz____(icz_zln(x)—ji;—zxi-dx]= (—ln(x) _[— J

x2 xz x2 .\‘2
=;—]n,‘ _—— ‘-'-—‘——‘——'—ln.
(2 () 4] 77 )



The particular solution ts

X

Y, SV +v,u, = (xIn(x) - x)xe" + [% - % ln(x)]e'
X
= x’e" In(x) - x’e* + " e’ - £y e’ In(x)

-~ 2

=2 ¢ ln(x)-ie"
2 4

The complzte solution is

2 2
Y=V +yp = C,xe’ -f--cze"r -é-xz-e“" ln(x)_%e:

Undetermined Coefficients

This method gives us the particular solution for selected equations.

The Method of Undetermined Coefficients for Selected Equations of the Form

d’y . dy
—=+2a—+by=F(x
g +tla— +by=F(x)

If F(x) has a term of The expression for ),

1 A (Constany) C (Another Constant)

e” Ae”

sin(kx), cos(kx) B cos(kx) + Csin(kx)

ax? +bx+c Dx*+Ex+F




Example
Solve the equation y"+3y =e¢"

Solution

The homogeneous solution ), can be found using the reduced equation
y'+3y=0
The characteristic equation is
D*+3=0
Therootsare 1, = j«,-"rg, and ré =- jx/g = a=0and f=3
Se, | ~ =6 céséﬁx)ﬁv C, sin(+/3x) |
Since F(x)=e" thenlet y, = de"= y) = Ae" = )} = 4e

Substituting into the differential equation y"+3y =e" we get

Ae* +34e =" = A+34=1 = A:%

So, y,==¢€
And the complete solution is

y=C, cos(ﬁx) +C, sin(\@x) + %e"

Important Note

The expression used for y, should not have any term similar to the terms of the

homogeneous solution. Otherwise, multiply the term that is similar to the homogeneous

solution repeatedly by x until it becomes difterent. .



Example
Solve the equation y" -3y'+2y =5¢"
Solution

The homogeneous solution y, can be found using the reduced equation
y'=3y'+2y=0

The characteristic equation is

The roots are ¥y=l,and r,=2

Since F'(x) =5¢" thenlet y, = Ade* = ) = Ae" = )] = Ae’
Substituting into the differential equation )" — 5 Y +2y=>5e" we gef
Ae* —3Ae" +24e" =5e”
0=5e¢" (Wrong Answer)
The trouble can be traced to the fact that e* is already a solution in the
homogeneous equation y, = C,e* +C,e™.
The appropriate way is to modify the particular solution to replace Ae” by
y, = Axe’
y, =Axe’ + A-e’ |
y, = Axe’ + Ae” + Ae* = Axe" +2Ae”
Substituting into the differential equation y"—3y"+ 2y = Se* we get

(Axe‘ + 2Aef')— 3(Axe" + Ae‘)+ 24xe”* =5¢’



- Ae” = 5¢”
= A=-5
So, Y, ==5xe
The complete solution (general solution) is

y=Ce* +C,e* -5xe*

Example
Solve the equation

(2) y" -6y +9y =", _ (by y" - ' =5e" —sin(2x)

(©) Y -y -2y=4x

Solution

(a) The homogeneous solution y, can be found using the reduced equation

y'-6y'+9y=0
The characteristic équation is
D*-6D+9=0
(D-3)=0
The roots are r=r= 3

Y =(Cx+C, e’
Since F(x)=e" then let y,= Ae™ . But, Ae™ is similar to the second term of the

‘homogeneous solution so, let y, = Ave™. Again Axe™ is also similar to the first

term of the homogeneous solution. Finally, let

p LAY Iy
y,=dxvet = 1; =34 e + 2 4xe’



)= (9,4.\“e7"" + 6,~1xe‘."")+ (6.4.re3" + 2/1(33"')

=9Ax’e" +124xe™ +24e™
Substituting into the differential equation y" =63 +9y = e™* we get

(9.4x%e +124xe™ +24e% )- 6(3Ax2e3" +24xe™ )+ 9Ax’e* = &

| 2Ae3x — e.’\.\'
= | 2A4=1
= A= -

| 2
- l 2 3x
So, y,=zx"e
The general solution is y=(Cx+C,)e” + %xzeh

(b) The homogeneous solution y, can be found using the reduced equation

y'-y'=0
The characteristic equation is
D*-D=0
D(D-1)=0
The roots are rn=1,and r,=0
y, =Ce* +C,

Since F(x)=5e" —sin(2x) then let y, = Ae” + Bcos(2x)+ Csin(2x). But,

Ae” is similar to the first term of the homogeneous solution so, let



y, = Axe” + Bcos(2x) + C'sin(2x)

y, = Axe* + Ae’ —2B sin(2x) +2C cos(2x)

y, = Axe* + Ae” + Ae* —4Bcos(2x) - 4Csin(2x)
= Axe* + 2Ae* — 4B cos(2x) — 4Csin(2x)

Substituting into the differential equation y" — )’ = S¢* —sin(2x) we get
| (Axé’/ +2Ae* —4Bcos(2x)~-4C sin(zx))
_ (e + de* - 2Bsin(2x) + 2C cos(2x) )= Se” —sin(2x)

Ae* - (4B +2C)cos(2x) + (2B - 4C)sin(2x) = 5¢” - sin(2x)

- A=5, (4B+2C)=0, (2B-4C)=-1
or , A:S, B-=——l—-, C:l
.. 10 5
;] 1 .
So, y, =5xe f-l—acos(Zx)+-531n(2x)

The general solution is

y=y,+y,=Ce +C,+5xe’ -—-1—16 cos(2x) + %sin(Zx)

(¢) The homogeneous solution ¥, can be found using the reduced equation

" ' _
y'-y'-2y=0
" The characteristic equation is

D*-D-2=0



(D-2)D+1)=0
The roots are r,=2,and r,=-]

y,=Ce* +C,e

Since F(x) = 4x’ then let
Y, = A +Bx"+Cx+D =y =3Ax"+2Bx+C

y, =64x+2B

Substituting into the differential equation y" — y'—2y = 4x” we get
64x+2B -(34x* + 2Bx+ C)-2(Ax* + Bx? + Cx+ D)= 4x°
~24x* -(34+2B)x* +(6A-2B-2C)x+(2B-C-2D)=4x*

= | A=-2

34+2B=0 = 3(-2)+2B=0 = B=3
64-2B-2C=0 = 6(-2)-2(3)-2C=0 = C=-9
15

2B-C-2D=0 = 2(3)-(-9)-2D=0 :>D==-—2—
So; y,= -2x* +3x*-9x+7.5

The general solution is

y=Ce” +C,e™™ =2x" +3x* - 9x+17.5



Example
> y"=9x" +2x-1

D'=0 = r=r=0 = y,=Cx+C,

Y, =x2(Ax2 +Bx+C)

> Y-y =x
pP*-D=0
D(D-1)=0 = r=0andr,=1= y, =C +C,e’
yp=x(Ax+B)

» y'-Sy=3e" -2x+1
D*-5=0 |
(D-V5YD+5)=0 = r‘,=~/5—andrz=—-/_§
Y, = C’,e‘/g’r + Cze‘ﬁ“

y,=Ae" +Bx+C

> yn_4yr+3y=63x+2‘9
D*-4D+3=0
(D-3)D-1)=0 = r=3andr,=1= y,=Ce" +C,e’

y, = Axe™ + B



> '+ y==6e" +6cos(x)
D*+1=0 = r=jandr=-j = a=0, =1
y, =C, cos(x)+C, sin(x) |
Y, = Ae* + x(Bcos(x)+ C sin(x))

A 74

y'=2y'+y=xe

D*-2D+1=0

(D-1)'=0 = r=rn=1= y =(Cx+C)e"
Y, = (Ax + B)(x’e*)

» y"+y=x*sin(2x)
D*+1=0 = r=jadr=-j = a=0, f=1
y, =C, cos(x) + C, sin(x)
v, =(4x* + Bx+C) (cos(2x) +sin(2x))

Notes:
To find the roots of an equation  x" +ax™" +a,x"" +...+ a,x+a,=0
> risarootof f(x) if f(r)=0.
> risa repeated root of f(x) if f'(r)=0.
> If r isaroot then » must be a factor of a,,.‘

» If r isaroot then f(x) is divided by (x~r).



P

Example
» x'+4x?-3x-18=0
Factdrsof1'8,are: (il, +2, +3, £6, x9, i18)

£ = 440 =3()~18 = 1620

f(=1)=(=1)’ +4(-1)? =3(-1)~18=-1220

f)=(2 +4(2 -3()-18=0 = r=2.
f'(‘x)=3x2+8'x-—3 |

F12)=3(2) +8(2)-3=2520 = r=2isnota repeated root

+6x +9

x*
x -2] x* +4x* -3x -I8
Fx® #2x°
6x2 "3x
T6x? tl12x
9x -18
F9x +18
0 0
x2+_‘6x+‘9=0'_ = (x+3)2=0 = r=r=-3

Higher Order Differential Equation

A general differential equation can be put in the form

(m (n-l)A ¢ _
ay\"+a, y" ttay tay= F(x)





