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Differential Equatins
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A Differential Equation is an equation that contains one or more derivatives of a
differentiable function. An equation with partial derivatives is called a Partial
Differential Equation. While, an equation with ordinary derivatives, that is, den'vatives.
of a function of a single variable, is called an Ordinary Differential Equation.
The order ofra. differential, equation is- the order of the equation’s highcst. order *

derivative. A differential equation is Lirear if it canbe-putin the form

dn-ly
Cﬁ"-l

a,,<x>‘f;;,,3+a,,-i<x) +---+a&*)%wo(x)}':ﬂx}

‘The degree of a differential equation is the power (exponent) of the equation’s

highest order derivative.

Example
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Solution of First 0rdér Differential Equations.

First order, first degree, linear

)

Third order, second degree, nonlinear

P

1) Separable Equations
A first order difterential equations is separable if it can be put in the form

M(x)dc+ N(»)dv=0



Steps for Solving a Separable First Order Differential Equation

i. Write the equation in the form M (x)dx+ N(y)dy =0.
ii. Integrate M with respect to x and N with respect to y to obtain an equation

that relates y and x.

Example
Solve the following differential equations

(2) D (1+y")e", (b) y_ ."(2‘ lx+f) (©) e = @y

de dx siny+ycosy x
Solution

dy ‘2 x E N 1
(a)—=(1+y )e =  &dx- 7d}’=0

dx I+y- 7

Jerdc~ | : _dy=C = e ~tan"y=C

l+y° 7 :
tan"yze"—c = y=tan(ex_c)

(b) -@-: ‘x(2 lnx-f- ) = (siny+ycosy)dy=x{2Inx+1)ax
.dx siny+ycosy

J'(sinyﬂ-ycosyjdy— Jx(2 Inx+1)dx=C

 Jsin(y)dy+ [yeos(y)dy -2 [xIn(x)de - [rde=C

_ . o ex x*
—cos(y)+|ysiny - |sin(y)dy|-2| In(x)x — - | —x—dx|-—=C
()+|ysiny~ [sin(y)ep] [ (x5 - [ a |-

‘ . 3 .\‘2 .\'3
- =cos())+ ysiny+cosy-xTIny+ P C

ysiny-x"Inx=C.



d\ . v
(¢) e”’dx = : = ¢'etdy=—

X ' X

dy . |
e e‘ 4 - &‘ -p C -y —
).ed.x—e} Dyeh- € oy Ixe dx je dy=C

xe* — J'e‘*dx +e ¥ =C — xet—e'+e ¥ =C

N'oies |

1 [{x)g,()ade + fo(x)g,(¥)dx =0 Separable
f( )dy+ S, dx=0 Separable
g. ()~ &O»)

N+ tg,(kx  Not Separable

Example |
| l. fi(x)=x, fz_(x) = sin(x), g V)=y, g, (y) = tan(y
1) xydy +sin(x)tan(y)dx =0 = xydy = —sin(x) tan(y)x

p—

tanJE y) dy = smix) dx ~ Separable
I x 7, sin(x)  x sin(x)
2) — dx = —dv=-
) y N tan(y) ° = y 7" tan(y)
f EE(_}’_)_@ = _sin(x) 4 Separable
y x ‘ |

13) (x+ y)dy + (sin(x) + tan(y) Jdx = 0
(x+ y)qu = —(sin(x) + tan(y) Jdx Not Sepérable



SQecial Type of Ség arable Equations

If % = f(ax+by+c); then let z=ax+ by + ¢ and the resultant equation may

be reduced to a separable equation.

Example
@ \
Solve the différential equation d_X* = tan ( x-+ y).
Solution.‘
Z2=Xx+y 9&:4&%(“ 7:} E:l.*.Q.
| | - ax ax
| E12:22——1 = E—1=tan2(z)
de dr dx |
-sz~—=tanzgz)+1 = %=SCC2(Z) |
dz | |
= ‘ =  c0s’(z)dz = dx
sec’(z) | |

[eos?(2)dz - [dr=C =

J‘]%COSQ )dé—jdx c

, | 2
1 1.

~z+-sin(2z)~x=C

2 4

While z = x + y, then the solution is

1 I .
E(x+y)+zsm(2(x_+ y))-x= C



Note
o . . dy |
For the differential equation e = tan(x + y) - sec(x — y), we can not use the

assumption because the difference between ‘the arguments of tan(x+y) and

sec(x — ¥). So, the differential equation can not be converted to a separable equation.

Exercises

Find the solution of the following Differential Equations

1) y'=k 2) Y=-xp o
3) Y -2y+a=0 - 4) 0 +by=0 )
5) (xInx)y'=y 6) .(x+2)y’—xy=0
) {xinx) , _
1) Y=yl . &-8) W =2xexp(y)
~9) 2y'=ycot(x) | 5 10 y' +ese(y)=0
ll). y'=(1+x)(1+y2) ' | }(/12) ' =0.5sin*(w x)
| 13) y'=ytanh(x) 14) y'sin(2x) = ycos(2x)
pe P Y TyE@)y0=2 18 (ehy=dy O]
17) 2x%'=3y, y(1)=4 - 18) yxIn(x)=y, ¥(2)=In(4)
o A Y=2Y, y0)=0.5 20) (" +1)yy' =1, y(0)=-3

21) drsin(8)=2rcos(8)d0,r(x/2)=2 22) vdvldr=C,v(x,)=0,



Homogeneous Function
If f(Ax,Ay)=A"f(x,y) then, f(x,y) is homogeneous function and n

represents the degree of the homogeneous function.

Example
For the function f(x,y) = x* + y* then |
S (ax, 2y) = (Ax) +(ayY’
=Px+ y2
= 25+ )= 2 f(x,y)

| Sq, the function f(x, y) is homogeneous with degree 2.

Example

For the functioﬁ f(x,y)=x+y* then
S/ (Ax, Ay) = Ax + (A}

=+ Ay’
= A+ y?)
So, the function f(x, ) is not homogeneous.
J (x-j y)=x'+y'+5 ~ {(Non-homogeneous)
| f(x,y)=x+xy+x | (Non-homogeneous)
Sf(x,y)=cos(xy) (an-homogeneous)

flx,y)= cos(x’ +y’) - (Non-homogeneous)



: X
J(x,y)=cosf — (Homogeneous)

y
| . |
- Sf(x )= COS(—) (Non-homogeneous)
y
Homogeneous Equations

The differential equation M (x, y)dx + N(x, y)ay is homogeneous if M anc A"

are- homogpeneous functions of the same degree.

- Example |

1) (x2+y*)dx +xydy =0

~ This is homogeneous begéuse M and N are both homogeneous with degree 2.

2) (x* + y*)dx + xydy =0 J |
This is not homogeneous because M is homégeneous with degree 3 while N is
Bomogencous with degree 2.

3) xdx+(x* + y)dy =0

This is not homogeneous because N is not homogeneous.

Solution of Homogeneous Equations

A homogeneous first order differential equation can be put in the form

()

This equation can be changed into separable equation with the substitutions




v=2 = y=vjc = Ky—=v+x—
X dx dx
dv
Then becomes v+x—=F(v)
dx
which can be rearranged algebraically to give
v,
x v-F()

with the variables now separated, the equation can now be solved by . integrating with

respect to X and v. We can then return to x and y by substituting v= y/x.

Example
+ Find the solution of the differential equation
dy  x'+y
dx 2xy

that satisfies the condition y(1) =1.
Solution
Dividing the numerator and denominator of the right-hand side by x* gives

2 2.
_dlz_1+(y/x) - ii}_/:_1+v

= F(v)
dx 2(y/x) dx 2v
2 2 2 A2
v—F(v)=v+l+v =2v +l+v _ v +1
2y 2v 2v
dx av dex  2vdv
—+ — =) = —t———=
xoov=[(v) X3+

The solution of this equation can be written as



I Ny ‘
J(—j'\—-i- Sl =C > lnx+%ln(l+3v3)=(ﬁ'

- =
X 3v° +1]

SInx+In(1+3v)=3C = Inx’+In(1+3v)=3C

eln.\‘3+ln(l+3r2) = e3C - eln.\'3 ><eln(l-ﬂ-llbt-:’) — 83(.‘
A 2
! ~
2(1+3v)=C" = x3(1+3y.\-.=C'
N {'. x‘ ]A
/

2 )
x" 4 3xy  =C"

The condition is that when x = I then y =1-and the constant " can-be founc
(1) +30)(1)* = C' = (=4

The final solution is x° + 3xy? = 4.

Reducible to Homogeneous
 If the differential equation has the form
@ _ ax+by+c
dx ax+by+e,

Case I'if a_ b then z=ax+by
b,

a b ,
if —L#—L then intersect the two lines gx+by+¢ =0 and
9 b X D\ |
a,x+b,y+c, =0 to find the intersection point (h,k) and let

“Case 2:

x=X+h = dv=dX,ad y=Y+k = dy=dY

o~



Example

Solve the differential equation — = dr+6y+3
dy 3y+2x+4
Solution
dy 2x+3y+4
dc 4x+6y+5
a,l=2-; ,g2=4;,‘ = &:Z:l
| a, 4 2
; b=3 b= = 4.3l
b, 6 2
So ﬁ=§-'- | = Case |
a, b, -
Let z=2x+3y = E___z d
dx dx
dy 1(dz ) ldz. 2 z+4 dz 3z+12°
— =~ —- =5 ——-== = —= +2
dx 3\dx dc 2z+5 .
dz _3z+12+4z+10 - 2Z‘+5 b = d
dx 2z+5 71z +22
2z+5
dz- |dx=C > ——-= dz - |dx
eyl I3 7x7z+22)z fa5e
— —

2. 9 7
- I g [=c

2 T2z
77 49 |

2 9
—(2x+3y) - —xIn(72x+31)+22) = v =
7(\ 3y) 70 (7(2x +3y) +22)



Example
Solve the differential equation (2x + y —3)dy = (x + 2y 3)d.x

Solution
dy x+2y-—3
dx 2x+y-3
; a 1
a,=1,,a2=2 = — =
a, 2
_ b, .
, .
a b
So —'—#Z'— = Case 2

x 42y =3 =0 ... ()
7w ty =3 =0 ... (2

= y=
Substituting into (2), we get
2x+1-3=0 = x=1
The intersection point (A, k) = (1,1).

Let  x=X+1 = dx=dX

y=Y+l = dy=dyY -
dY=(X+1')+2(Y‘+:-1)-—3
dX 22X +D)+ (¥ +D-3
X+1+2Y+2 3. = dYy X +2Y
2X+2+Y+1—3 ax 2X+Y




At

At

dY__1+2—
ax 2+-X-
X .
v=—)—,— - dY=1+2v=F(v)
X ax 2+v
dX:+ v
X v=F{v)
v-F00=§—I+2F
& 2+v
2v+v2—1—2v_v2—1
2+v 2+v
de 2+"dv:o = lnX+f2+v
vi-1
2+v_ A N B A(v-1)+B(v+])
viel v+l v-l vi—1
2+v=AW-D+B(r+]) 2 24N = AV T

1/2 3/2
v+ J3

lnX+_[ ——dv—

In.\" - % In(v+ 1)+ E’ In(y -Al) =(

dv=C

A (&N 15



' Ly 300¥
Ny -l en+ 2= =1 =C
AR

V4

(y-1)

ln(x—l)—%ln((_ N=C
: X -

(y-1_
+1)+2 (( )"

Exer cises

Find the sol u.tion of the following Differential Equations

K

. Xy =x=y 2) xy'=2x+2y
5 /l) y ) ) | ;

3) x'y'= y Xy 4) x'y' =yl +35xy+42°

| l,._y—x % _ +x
5 =
/") Y=(y-x" A ¥ =tan(x+y) -]
Y- x+1 ' | | . 1-2y-4x
9 = ‘ 0 =
- ) i y=x+5 10) 1+y+2x

2) Linear First Order E uatio-n’s-l \IP(:(;
A differential equation that can be written in the form
» D Py 20w
-where P and Q are functions of x, is ca((led a Linear First Order Equation. The
splution is |

| y-—— Ip(x)Q(x)dx

where p(x)= eJP(")"lbr



Steps for Solvin&a Linear First Order Equation

‘i, Putitin standard form and identify the functions P and Q.
ii. Find an anti-derivative of P(x).
jii. Find the integrating fector p(x) =el" ™.

iv.  Find y using the following_equation
1 :
y=—— [p(x)Q(x)dx
p(x)

: Exgm’gle-
dy

Solve the equation x —= ~ 3y = x*
e y
Solution
Step 1: Put the equation in standard form and identify the Sunctions P and (. To do

so, we divide both sides of the equation by the coefficient of dy/dx, in this

case x, obtaining

L 22y s Aw=- om=x,
Step 2: Find an anti-derivative of P(x).
[P(x)dx = I—gdx =-3 jidx = ~3n(x)
x x

Step 3: Find the integrating factor p(x).

. _ IP(-"M" _ _=3nx _ _Inx™ _ In.\'3 — 1
plx)=e’ " =e =€ =e " ==

Step 4: Find the solution.

v== [P0 = e [ < oot



='\‘§.[ld‘=x3 Liclea -y
xl

X

The solution is the function y Cx® - x*

Example
Solve the equation (I 4x)dy + (3 —tan"'(x))dx = 0’
 Solution | '

Dividing the *wc sidss by (1 - x*)dx

dy  _y _tan"(x) -0

dc l+x?  l+x? |
dy y tan”'(x) 1 tan™(x)
+ = = P(x)= , = —
dx 1+x? 1+ x? (*) 1+ x? C 1_+x2_
=tan"'(x)

p(x)= e

tan"(x)y J'emn (x) tan” (x)dx C
1+x?
1

z=tan’(x) = dz=——dx
o o 1+x

e™ My = Ie‘ x zdz +C
= ze’ - Ie’dz+C
=ze’-e*+C

-1 _ -l -1
eun (x)y=tan l(x)elan (.x)_etan (x) +C

AN
\





