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Chapter One

Signal and its Fourier Series
Representations






Chapter one

Signals and Systems in communication

1.1 introduction:;

1. Communication: Processing, sending and receiving of information

2. Information: Intelligence, signal, data or any measurable physical quantity

3. Basic Communication System:

Source of
information

J Transmitter

i) Wire Links
ii) Wireless
iii) Optic Fibres

i) Speech
ii) Pictures
iii) Words
iv) Codes

1

i) Oscillators ii) Amplifiers
iii) Filters iv) Antenna

v) Symbols
vi) Commands

Destination

1

Link

vii) Data

Receiver

i) Radio ii) TV iii) Computer iv) Telephone
v) Teleprinter vi) Telegraph vii) Fax viii) Internet



Forms of Communication: Types of communication:

1. Radio Broadcast 1. Cable

2. Television Broadcast communication

3. Telephony 2. Ground wave
communication

4. Telegraph

graphy 3. Sky wave

5. Radar communication

6. Sonar 4. Satellite

7. Fax (Facsimile Telegraphy) HEC AT,

8. E-mail 5. Optic flbr:E _
communication

9. Teleprinting

10. Telemetering
11. Mobile Phones

12. Internet

1.2 The Signals
Any time varying physical phenomenon that can convey information is called
signal. Some examples of signals are human voice, electrocardiogram, sign
language, videos etc. There are several classification of signals such as
Continuous time signal, discrete time signal and digital signal, random signals
and non-random signals.
1.2 classifications of signals

a. Analog signals

(1) Continuous-time Signal:

A continuous-time signal is a signal that can be defined at every instant of
time. A continuous-time signal contains values for all real numbers along the

X-axis. It is denoted by x(t). Figure 1(a) shows continuous-time signal.



(2) Discrete-time Signal:
Signals that can be defined at discrete instant of time is called discrete time
signal. Basically discrete time signals can be obtained by sampling a

continuous-time signal. It is denoted as x(n).Figure 1(b) shows discrete-time
TwEw
ﬂlg i) 111L _

"3 T A 0 1 2 i T3 5 : : ;

a b

Fig.1(a) Continuous-time signal (b) Discrete-time signal

signal.

x(n)

The signals of Continuous vs. Discrete may be the simplest classification to
understand as the idea of discrete-time and continuous-time is one of the
most fundamental properties to all of signals and system.
A system where the input and output signals are continuous is a continuous
system , and one where the input and ouput signals are discrete is a discrete
system .

b. Digital Signal:
The signals that are discrete in time and quantized in amplitude are called
digital signal. The term "digital signal" applies to the transmission of a
sequence of values of a discrete-time signal in the form of some digits in the
encoded form.

Amplitude

Fig(2) binary digital signal



Analog vs. Digital

The difference between analog and digital is similar to the difference between
continuous time and discrete-time. In this case, however, the difference is
with respect to the value of the function (y-axis). Analog corresponds to a
continuous y-axis, while digital corresponds to a discrete y-axis. An easy

example of a digital signal is a binary sequence, where the values of the
function can only be one or zero.

Analogue signal Digital signal

A continuous signal value which A discontinuous signal value

at any instant lies within the which appears in steps in pre-
range of a maximum and a determined levels rather than
minimum value. having the continuous change.
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c. Periodic and Aperiodic Signal:

A signal is said to be periodic if it repeats itself after some amount of
time x(t+T)=x(t), for some value of T. The period of the signal is the minimum

value of time for which it exactly repeats itself.
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05
0
0 0.05 01 T (se2) 01 02 o 6L 0 0.05 0.1
Fig.3(a) Periodic signal Fig.3(b) Aperiodic signal

Signal which does not repeat itself after a certain period of time is called
aperiodic signal. The periodic and aperiodic signals are shown in Figure 3(a)

and 3(b) respectively.

The topic of sinusoidal signal has already been introduced. Hence the
description is kept brief. The waveform of a sinusoidal signal is shown in
Fig. 4.

\ s

E xcos(0), 0 = ot

Fig(4) periodic sinusoidal signal

A periodical signal, f(t) with a period of T, repeats itself every T seconds. A

signal is periodic if

f()=f(t£T)



A square wave-signal, shown in Fig. 5, is a periodic signal.

)

M|--4

— 'A

Fig(5) aperiodic symmetric square-wave signal
Periodic signals repeat with some period T, while aperiodic, or nonperiodic,
signals do not.
We can define a periodic function through the following mathematical
expression, where t can be any number and T is a positive constant:
ft)=Ff(T+1)
The fundamental period of our function, f (1), is the smallest value of T that

the still allows the above equation, Equation 2.7, to be true.

d. Random and Deterministic Signal:
A random signal cannot be described by any mathematical function, where as
a deterministic signal is one that can be described mathematically. A
common example of random signal is noise. Random signal and deterministic

signal are shown in the Figure 6(a) and 6(b) respectively.
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Fig.6(a) Random signal Fig.6(b) Deterministic signal

A signal whose physical description is known completely, in either a
mathematical form or a graphical form is said to be a deterministic signal.

A signal that is known only in terms of probabilistic description, such as mean
value, mean squared value, and so on, is said to be a random signal.

Most of the noise signals encountered in practical situations are random
signals.

All message signals in communication systems are random signals, because
some uncertainty (randomness) about the message must exists such that the

signal conveys information from the sender to the receiver.

e. Causal, Non-causal and Anti-causal Signal:

Signal that are zero for all negative time, that type of signals are called causal
signals, while the signals that are zero for all positive value of time are called
anti-causal signal.

A non-causal signal is one that has non zero values in both positive and
negative time. Causal, non-causal and anti-causal signals are shown below in

the Figure 7(a), 7(b) and 7(c) respectively.

11



A causal system is one that is nonanticipative ; that is, the output may
depend on current and past inputs, but not future inputs. All "realtime”
systems must be causal, since they can not have future inputs available to
them.

x(t)

r\/\/tt \ > 1 /\/\A\ >

e T |/‘

Fig.7(a) Causal . . . . .

_ Fig.7(b)Non-causal signal  Fig.7(c) Anti-causal signal
signal

Causal signals are signals that are zero for all negative time, while anitcausal
are signals that are zero for all positive time. Noncausal signals are signals
that have nonzero values in both positive and negative time

f. Even and Odd Signal:

An even signal is any signal 'x' such that x(t) = x(-t). On the other hand, an
odd signal is a signal 'x' for which x(t) = -x(-t). Even signals are symmetric
around the vertical axis, so that they can easily spotted.

Figure 8(a) and 8(b) shows the odd signal and even signal

; > //’\\ .
N

Fig.8(a) Odd signal Fig.8(b) Even signal

respectively.
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A signal x(t) is said to be an even signal its value is symmetrical about the
vertical axis, i.e. x(-t) = x(t)

A signal x(t) is said to be an odd signal if its value is anti-symmetrical about
the horizontal axis, i.e. x(-t) = - x(t)

Examples of even and odd signals are shown in the figure (a) and (b),

respectively.

1.3 energy and power signals
1.3.1 Energy signal

Some signals qualify to be classified as energy signals, whereas some other
signals qualify to be classified as power signals. Given a continuous-time
signal f(t), the energy contained over a finite time interval is defined as

follows.

2

T,
Eqry= j (@) dt, T,>T,
7

E, = ﬂf(r)]2 dt

The first Equation defines the energy contained in the signal over time

interval from T4 till T,. On the other hand, the second equation defines the
total energy contained in the signal. If the total energy of a signal is a finite
non-zero value, then that signal is classified as an energy signal. Typically

the signals which are not periodic turns out to be energy signals. For

13



example, a single rectangular pulse and a decaying exponential signal are

energy signals.
1.3.2 Power signal

When a reference to power in a signal is made, it points to the average
power. Power is defined as energy per second. For a continuous-time signal,

we can obtain an expression for power from equation above .

Limit T

1
£= o VO

le period

9]
<
)
w
(D

per

I

T

)‘ -dt, T=c¢

Most of the periodic signals tend to be power signals. Given the period of a
cycle, the power of a periodic signal can be defined by first equation . and
can be used to find the power of a dc signal also. The dc signal is also a
power signal. If power of a signal is a finite non-zero value and its energy is
infinite, then that signal is classified as a power signal. There are some
signals which can be classified neither as power signals nor as energy
signals. For example, a ramp signal defined from zero till infinity is neither a
power signal nor an energy signal, since both power and energy of ramp
signal is not bounded. But in practice. such a signal cannot exist and hence

such a signal is not of any practical importance.
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Example 1:

Given an exponential signal as defined by equation (3.12), find its energy.

f(t)=Axexp(=k-t)u(r)

Solution:

An exponential signal is an energy signal, since its energy is a finite, non-
zero value

Example 2
Given a sinusoidal signal as defined by equation (3.14), find its power.
f()=Axsin(® -t)

Solution:

F. = lj: f([)lz -dt = lj(A 'gil‘l((t) ‘f)): df = 4'4'\
! T ) AU T 0 < | . ;

The solution is expressed by equation (3.15). A sinusoidal signal is a power
signal, since the its power over a cycle is a finite, non-zero value. The energy

associated with the sinusoidal signal is infinite.
Example 3

Given a square-wave signal as defined by equation (3.15), find its power.

15



/(1): -4 for =T/ H<t< O]

= A for O<t<77I
Solution:
74

)’ -dt = —xj-ql dt = A°

f

/

The solution is expressed by equation (3.18). A periodic square-wave signal
is a power signal, since the its power over a cycle is a finite, non-zero value.

The energy associated with the square-wave signal is infinite.

Example 4
determine if the following signals are Energy signals, Power signals, or
neither, and evaluate E and P for each signal

a) a(t)=3sin(2xt), —o<t <oo,

This is a periodic signal, so it must be a power signal. Let us prove it.

- T|a(t)|2 dt = T|3$in(27zt)|2 dt

—00 —00

0

=9 %[1—cos(47zt)]dt

0

1 =
=9 —9_[0 cos(4zt )dt

16



Notice that the evaluation of the last line in the above equation is infinite
because of the first term. The second term has a value between -2 to 2 so it
has no effect in the overall value of the energy.

b)

Since a(t) is periodic with period T = 2427 = 1 second, we get
1
j|a(t)| dt = j|3sm(27zt)| dt

[1—cos(4xt)]dt

1

dt — 9j cos(4nt )dt
0

i
)

|\.)||-A |\>||—A

N|© N|©

{%sin(@ﬂ)}

0

wW

So, the energy of that signal is infinite and its average power is
finite (9/2). This means that it is a power signal as expected.
Notice that the average power of this signal is as expected (square
of the amplitude divided by 2)

bt)=5 ", o<t <o,
Let us first find the total energy of the signal.
E, = le(t)lz dt = T\se-zlt'f dt
= 25} e*dt +25Te“”dt
b 0
BT B

25 25 50
=t —=—
4 4 4

17



The average power of the signal is

1 T/2 1 T/2
P =lim= [ |b) dt = Jim — \5e-2“'\ dt
b T—)ooT
-T /2 -T /2
0 T/2
_ 25 lim ~ j e*dt +25 lim — je-‘“dt
T—)oo g T—>oo
:élim i[e“‘]o élim l[e ! ]m
4 T—)ooT -T /2 4 T—)ooT 0
25 1 o1 25, 1
= fim {1 [+ - lim =[e 1]
=0+0=0

So, the signal b(t) is definitely an energy signal.

So, the energy of that signal is infinite and its average power is finite (9/2).
This means that it is a power signal as expected. Notice that the average
power of this signal is as expected (the square of the amplitude divided by 2)

4™ |tIK5
C(t):{ It

0, [t|>5
1
—, t>1
g dO=1"
0, t<1

Let us first find the total energy of the signal.

Edszanzsz%dt

np



So, this signal is NOT an energy signal. However, it is also NOT a power
signal since its average power as shown below is zero.

The average power of the signal is
T/2 T1/2

P~ [ l00F =i | L
1

-T/2

:Tlm(Ti'”[t]Ilzji"ﬂl(%'ﬂ%}—%ln[l]]
LA utl

Using Le’hopital’s rule, we see that the power of the signal is zero. That is

So, not all signals that approach zero as time approaches positive and
negative infinite is an energy signal. They may not be power signals either.

o e(t)=-Tt?, —oco<t<oo
) f(t)=2cos’(2at), —oo<t<oo.

12cos’(2xt), —8<t <31
t) =
9 90 { 0, elsewhere

Example: Which of the following signals is an energy signal and which is a
power signal?



L

~4 -3 <2 -1 0 1 A 4/

Properties of Energy and Power Signals

A signal with finite energy has a zero power, i.e. an energy signal cannot be a
power signal.

A signal with finite power has an infinite energy, i.e. a power signal cannot be
an energy signal.

Therefore, a signal cannot be both an energy signal and a power signal.

On the other hand, some signals are neither energy signals nor power
signals; the ramp signal is such an example.

Every signal that is generated in the lab is an energy signal, i.e. every signal
in real life is an energy signal.

On the other hand, a power signal must necessarily have an infinite duration
and an infinite energy such that its average power reaches a finite (non-zero)
value in the limit; a true power signal is therefore impossible to generate in
real life.

All the periodic signals for which the energy in one period is finite are power
signals.

However, not all power signals are periodic; there exists some power signals

that are aperiodic.

20



Example:
Classify the following signal(s) as a power signal, energy signal, or neither
and find its power or energy

as appropriate x(t) = e—t;

Solution:

z(t)=e" "

— ¢

E,= [T _|2*(t)|dt = [T e dt = =—|>_ =

P, = lim 1 [3 @) dt = lim 1 [3 et = fim L [=72]7 oo
~ Since this signal has infinite energy and power signals, it is neither an
energy nor a power signal.

1.4 Time-Shifting of Signal:

In signals and system amplitude scaling, time shifting and time scaling are
some important properties. If a continuous time signal is defined as x(t) = s(t
- t1). Then we can say that x(t) is the time shifted version of s(t).

Consider a simple signal s(t) forO<t<1

x(t) = s(t-2) h
s(t) X(t) = s(t+1)
l__
1 —+ A 1
0123 .
0 1 . .
21012
. _ Fig.8(b) _ _ _
Fig.8(a) Signal . . Fig.8(c) Signal shifted
o Signal shifted
within O<t<1 by -1 sec.
by 2 sec.

21



Now shifting the function by time t1 = 2 sec.
X(t) =s (t-2) =t-2 for 0<(t-2)<1
=t-2 for 2 <(t-2)<3
Which is simply signal s(t) with its origin delayed by 2 sec.
Now if we shift the signal by t1 = -1 sec.
then x(t) =s (t+1) =t+1 for 0O <(t+1)
=t+1 for -1<t<O.

Which is simply s(t) with its origin shifted to the left or advance in time
by 1 seconds. This time-shifting property of signal is shown in the Figure 8(a),
8(b) and 8(c) given above.

1.5 Time-Scaling of Signal:
Time scaling compresses or dilates a signal by multiplying the time variable
by some quantity. If that quantity is greater than one, the signal becomes
narrower and the operation is called compression. If that quantity is less than
one, the signal becomes wider and the operation is called dilation. Figure
7(a), 7(b), 7(c) shows the signal x(t), compression of signal and dilation of
signal respectively.

x(t) X(at) ~x(at)

7 NN [/\ >t -~-/ad Syt

a>1

Fig.7(a) Signal x(t) Fig.7(b) Compression of signal  Fig.7(c) Dilation of signal

For each signal x(t) of Figure below ,

22


http://iitg.vlab.co.in/?sub=59&brch=166&sim=618&cnt=1#link1
http://iitg.vlab.co.in/?sub=59&brch=166&sim=618&cnt=1#link1

x(t) x(f)
r
2 3
y 2
3 t 2 4 t -2 /- t
2
Signal 1 Signal 2 Signal 3

sketch the following: (a) p(t) = x [0.5 (t — 2)]; (b) h(t) = x (2 — 2t); (c) s(t) = x
(-0.5t-1)

Solution:

(a) p(t) = x [0.5 (t - 2)]

x(0) x() x(1)

2 2 )
™~ :
2 g t 2 2 0t -2 /6 t
24

Signal 1 Signal 2 Signal 3

(b) h(t) = x (2 = 2t) = x (~2t+2) = x [-2 (t = 1)]

h(t) Jo h(t)
J4 ﬁ
-12 1 t 1 f 1 t Ll t
Signal 1 Signal 2 Signal 3

23



(c) s(t) = x (=0.5t = 1) = x [<0.5 (t+2)] = X [<0.5 (t - (=2))]

s(6) s(t)

s(t)
3
ﬁ ' -6
-2 2 t -10 2 1t \ I 1 t

Signal 1 Signal 2 Signal 3

24
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Eve- 4= . . . - i L ammmom
Find the pocoer of e periodic signal F € Shoan In Fig-(139
get) |

~Tfz |

Fig-(0-39)
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¢ have 1 iutsrat over one Puviad Ty , o matéer-Lrom which
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or from To/2 o B2To or from ~Tofs % Tefz cobere
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£ dbél:) and B &) are Comp lex .['mcébn anA are
orféoiaoaj over (f, ,zf:.) :é/.éen |
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_/ Py ct>(_-t) clt _/ 3/n mf- Sin 2ttt 2

= bf@osfn‘—zv)f C‘as(mzpjé)altj R
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f (Sinatgt sinzwst) = J..-[( Sinuyt: __S_tg__S_Qaﬁ)l 1

F o

_________________________ T
:j_izlﬂsmgnﬁ = Sin gy - L {(senffat - Sty
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B b ek, 64T 2T
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. Singer. Scalorse) = ShgEr

s R —
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To/3

= 0
e Sen2bt el Sp3tHt  are orthogonal over Ahe
. interval (73/3 > ‘{ﬁé)

This example shows Zhat The Set of periodic 'fn";aﬂaﬂefrlc |
fanctions chose frequencies gre Inlegers are alwiay s orthoponal
aver any interval of é.n‘fﬁé $0ne perlod ro sraller Lrom chich
_potnt b Whicy poidt. It aey be from ? B Tt

To+61 o fot n o
17,8}96'6 f[sinnb)a'& Sl\ﬂm&)fbd’& :'-[h“ AY" naos (!-’3@
/
Bt o Lox MM
/c‘osmbz’- osmuntds= |, 10T 0., (17378
)
ot

f.S’mﬂAJﬂ‘ cosmitdt =0 For all n ew(mé-z@
1]



14

»_ —Se: Aele—fiptro-dyse 1he-conceph--
of "Complete set” - .4 Complete. set: of funclions
Is defined as : e e -

" The set that Cons/sts “o..£...a..(( Lunctiens ... _
Which are Orthogonal @ each Otherin
a gcvcr) intervt™

e

Over- cne. Periocd (., Tptty). .. R

. The Cam,a/ezfe frzgana/f}éﬁ:?c SuncLiory Casists_
of infinit Mimber of 0r&%agaﬂa[ Sanctooms_
'ofler (b1 » T ty) w/,rere ./'5‘ Lhe --PeY‘IOo/e.df

TEIPE B UPEIEE € W B AN St b e = Y 4 8 W S

- the £undamesital. .

e X PoNetial finilions + Anothe Setof
Orf//o‘yaﬂa[ fancleons /s the é,(paﬂenﬁal

jnwot .
C.. (nz0o,%l,x.25--2) over. any. L

| I_é?%rva,{ of daﬁzﬁon 7"' —Zlf'/éda. 2 el is
f IB_J_ nwetsd deoi‘ /' J@—m)hbo[ é’ 0 L. +m

n=yp.

'é-l ) - - -(W)

—,

/4 s an eXa_m,o/c ’/"/73 z“r Joﬂomeihc -:chéan_r
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- Ay &W Layefors Lheoretically . consists. of.infinite. ...
Number of Aarminies of Sinussid and, the frequency of

.. — each harmonic /s a ma/-/z}ale of a certaih harmonte

— . .called. the Lurnodamental.. Therefor the thaveforn is ..

--@ Supperposilton of Scausecd funclion. This Isimfact.

- the Lodeo of " Fourier Seyies ” eMicth mﬁémaf/&a&

. gtates that ey Sigmal baweform £@) con be represented

: by complete 'J'r{iiopmefn.b set over an {nterval of.To, .
Htowks 7 3

D= @ + 2_(an Cosnust + by Sen nwist)) ~oedtL oo

n=1 — - 442)

there Pe@) means the Fourrer setes of f

blo = 2W/7> e fanclmental frequency. .
—_ Ao , Ap -amel- by, are called the Fowerer coeffiecents.and.. .
can be dbtexmined ds'rbg he %wln’f &gs.

....... _ﬁ?:g.-__.v.._ et e . e e — e e
Q. = 7..1: f faryddt ~—— . {j43a). .
%
G478
Gn = _,—§—f [ Foscsnat b n=b23,~ (@435)
‘5”75'

brs Z [ foy Sintstd movzy,-. Qeuse)
7}



'—%—‘M;’p( 'Elﬂ:ﬁ;dﬂﬁﬁﬂ?dzﬂezfﬁﬁf&éﬂ&gﬁééﬁ;ém
IS .. L . . . e e .

fey = Qo + Y(a, Qs mst+ by Sin nuiit) biet s 475
= - ({5 142)

. T;/;e Mé W)@Vena-a A_e.fu-een éq- a- 42) and' eq. @44)-}5 ]

—dhe interval of existence . fy(t)-exists -over —oothor -

ehereas ) exists over tictet+To .

Comﬁmf Wrzowﬂefh‘c Fouwrrer Serves

Foyr drczwfrg the Jmpﬁaz/e, of ezeh harmonie agz&o}zﬂ‘
Prequensy , it iz Mecessayy T Gmbme (Sine)and Gosine)
s Withe Same Frequericy Y gyz/& Zevrr Using
Lhe ﬁ%ﬂ)ﬂj Jotertsty . -

.. dn COSNLLE + by Sinnist =. G Go.s-(nl«-’aﬁ'-;- &)

Where Cn = \Ji?+ b3 ~ — — - (1434)
On - L =bn I}
n = Lan aﬂ" (143%)
and foy heo = Co=tto  — . —~ (I43€)

Therefore Zhe ﬁ:gomm%ﬂb Fourier Seners /p &m/ﬁao‘f Jorm 1

O
£66) = G+ Cn Cos Cnunt + Oy) - - = (49
h= :
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Mo‘ﬁz M Cm rese;dsfﬁe WM& ‘5?ee;£<wum viim and.- 9:7 B
_. the pPhase s:zczfmm See tha? Lheris ﬂaa&#em&befueen
&g, 14l and -1-Utg enly Inthe lrtervval_tshere Bhey _enishs- fx 1s Perlock

EXe 1,20
- Fiad fke@m}%# %W#& &wﬁerﬂs.&ues_éar.fla.e,
exponesteial feo) = 2 shoem — .- / -
\h Fag (I 34) awvel 0O« fc?f" e e ST - 5 E
. ' /;‘;'.‘
Sola&fm D e :
Smag fﬁe mferm[ is 0% 4,-477‘, Lherefore ° I
=T and Lhe Lindametal Lrequency /s wig. (8
6)0 = 2T —.-._z_zz‘—.-.zma!./See_
- Tz . T ’
.and fay= do +§.@n Cosant  bn Sinant) . over. oLt£ar
h=t
where T

do = = L S %2 = - y /: 0___-'50'{
% ff fods - g T e

E

7o T _tf
dy = -Q—-f_ﬁw@sﬂ%{; = ,‘E.-z_. / ¢ dos ant 4

- -2 T 0 _t4 X
fe 2 osantdt = -2€ Cbs.zm‘:o/.- f_ ze (msinant)dt

~T/2

th
=_2(€ —t) ‘W?f sinzmlﬁ‘af‘f 582 - f-lﬂfe “sin antdt
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4 7_¢f.
—fe :’.gggs 3@#&#{#5‘5’42 - fé éﬂmiﬁédlf‘_”_ e v S
N . o

e Cr T ta
= 1.5842 -4n [.,ze %znt/ - /-ze (fandos ant)dt
W Q G )

4 }
s (7 ops antlh < 15942 -H6n* [ cosamtals.
&

a -
1A
(1+16n2) [ & cosentdt = 15542
Fa) .
7 _ 42
- e cosantolt - 125842

j+/6n2

o
Gn= e V'f/zé;gznfdﬁ . J.og42 2 — 0. 5084 2
n= -;’-;fe T T et T I+16n2
r

dn Similar vy, tle Fond

13 7
4 e
e f”%;/‘@i“"s"%‘v‘”‘*’ 2[€ cosantdé=oBed iy
o

&0
TherePore  Lehr = o. Sou( | 4) 2 2(605.2”*-{-4”5/172025))

Note that L&) is defened over the inferval o<t<T anly
Whireas £ (t) the Fowder series s slofond sver the
irterval -ce £t < oo The Fourrer series is Pc-rn'ocici:a/tf

waikefo vm-
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-—_:us_iﬂgzﬂ—:ﬁﬁms—_ﬂé’te:w Lafes cenbe timllen-as— ———e:
- fay = o504 I:H'.g'—(cas zt+.4esfa.zt)+,é.(&s tty BSInih)+ %’(casm-mm)

.Z_(Cosﬁ‘i+ 16 5M815‘)+ 2 afcostot' +205fﬂ/oﬁj+-—n(dasfzt+2¢l Sro12t)

(@gqn 2 ssm/#ﬂ-t--——(zasw-é-r 32 sm/ﬁ) + _%—(astmza’fmﬁé)

— + 2 CCosm'é-t—#osmffﬂ'ﬁ ):l -
ot o

Insevt [or £= g » Wiz »37/¢ 2n #he above eor.]nm:;‘m,a.ze_.ﬁu'.
T Cty) = 050 4[H .&.@as%+4swr/z) +-z_{casr.,.ssmr)+.é.(cos W/z;-uzsm,q

4'3- z(Cos2T 6 Sin2TT) +2 2, (cos low’w 208n foﬂaij+.3r-(cbs !W,éﬁ.zqs;n m;;ﬁ,j

" i l“_ e —
+§-T5(fdo& 157y + 28510 BT+ e (Cos LETHARA S 7 16T/ ) e e

- - 4 72 85 3 i

© o fgtees T 26SinNT) ¥ §acos Ao OIS foos SR

Plpy=coulirf-2-24 2 340 2. 5E ¢ 2o ¥2._2_ .88

5 957 4ol 67 §gs 25 1245 I6ol I?B?
o similey ey
L/2)z00041-2+2 2 22 . 2. NPIEE
zo.l‘alﬁﬁ'qm &5 M5 " 257 4ol 577 755 1025 l:zfis lot !4’37]
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Fig. 137-

Fig-(i329) s Lhe funeloon f&) whcch exteats Arom
t:0 B b7 Whereas F'u;j-(l-??b) J’efﬂeseﬁbaf/ré
- Lottrrer Seyies sbesd Is /Deyubcf&.}c,' fevsedonm

Aow e A}f/f exfns; Ahe Foovrer Serves as‘;/ﬁr Ahe Cbmf’dd‘
W:‘Jaﬂomefrfﬁ l’e."i"easem . We have Lound previously ,

. A
- a‘. . - - b ‘..-0!5? —&——
Ap = 0504 . ; Cp = 0-504 (m.sna) » bn 4(,4“2)

The Tourier Geffrccents dodng egs-(1.43)

Q - aa = @*504‘
Ch :iﬁi bz = 090 j _ﬁ-—-—-—_ .__5_'![!22_-_—‘ = 504 2
e (1+1502)"‘ N {1+ 1sm)* c,[:.”.g nz)

On - Tan (22 - zz;.‘ Canys =% 4n
The dmf/o'éaoés dnel F/m ses of £he éfﬂ) and 'ﬁe ﬁrsi‘ Seven




g ; —W@M‘ﬂ -ﬁ_ .- - / g
R Wi AR i A A iyt

—ia mma— asmm s rema s — - i grewte e e = .

n| o i |2 3 | 4 5 é 7

. Cnl O8] 0.244).0.125.10.084.0.063 |0.0504 | 8043 | D036

- Cn| . 0. |-75:96 |-0287| 8524\ -8 42 |-B 1 |-oF. 6] |-BRIS

- 1(31')?3 Lhese. Values, we G express. -ﬁ&) Ln the cnmpm:{- Jorm .
] fe)= Co+y G Cosfrart+ Gr) L et de
Nn=|

concerning our exanple Wi dh wis = 2 redfee

fty- GaGeos @bt B) 1 Cz Cos(at + G)+ G c95'(5f +8y)+ Cytos (PR)
+ Cs Cosf 1o+ O5) + Ce-Cos (12 4 Og) + CpCos (1445}

+ 0. 063Co3(8% ~84.42) +0.0504 CoSCloE-8F-1% )+ 0.042c03(12E-8R61)
+ 0036 Cos({4t-8395") -~ ogleTl

'TZE Fourier Spec;\!ra (M/a%a/e nd /Déggg @M;{ Maenqﬂ Q,M
Ch e dwm g, Frg (1 38) dsry Ahe volie goves s
e Leble @bove.
wole. thal W= Nido = 27

) = 0:504+ 0. 244 Co5 (24765 +0125 Cos (4t -F2-87") +0.084Cos(6¢-5525)
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f Amplibuck  Spe cbyuns
C” 00%4‘} ﬁf P
o)28
N 0-39” 0.0‘3 oio"‘zq_ 0'?"’2 "'03‘ -

o | 2 5 @4 5 6 ¥ A—
0O 2 4 6 8 10 12 M w=nip=2n

! | Phase specfﬂtm

YU WERPEY T

| 4
3
y
[

Fig- @ 3.8) Foutrer sPe,chva

Sumpary ¢ tlehave shocw hoes an arbrérary Fymal L&1 oray be
expressed _as _a topenometse Fourver soves cver any iptewial

of To = [f2-1t) seconds- The Tourrer Serres Is e_;ml:t—a fer) over
is not

Lhs Interval aloze» Oakside This iteval Hhe Fourier serres

I)ece.sxw/é' eglaz/ % f&) ~The trymonetnc Foltrier Sehes s a perfodic

Luncdom of period To (The period of the Lundamendal)-
The 001‘500,&2‘ Lrigenometric Fourier Setics indlicates Lhal any fndz,

+&) (Pe"‘"é’dfCo_r/)anpen‘adéC) canbe exrre»‘ee[ as a Sam of
Stnusoids of freguencics O €@e)r o260, - ~ - 2700 yWhese

tmplofudes axe Co; G ,Cor~ == 1Gr=-~ and Ohose Phases are




- 797% - — e :?'-@.-’ -—i——..o——-——-‘.:._T_.-::'. L T TNTITT T T T LT TS

. The ?/o‘és of wﬂf%o/e G Vs. & [’melé'!up/e Sf:ec.éram)a-nd @,,
VS . v ( Phas Speca(ﬂtm) are called the -Frefamg Sfaea'é'rd o(’ -ﬂﬂ’

Another example cihere the = sporel % be mag;ed' )5 as perivdi..

Em. .21
Eind fhe Comppact trigo nomertc Fourver sevves forfhe Periodse
Scptare wave {tgy shooh In F1g- d 37) and gketeh /s MM

and phase Specitm 4t
1.
SoluZioy ped IS , ; 13
— - Gy 4 Ty efp . C
T he. Fourrer sSerres s Fig.4-39)

ferz a +Z@- Cos néwt + bn S’mnMé)

h=t

with 6= 2-71'/7-

Uézre C%-.—_L./ dit= A

-7; - -

Zr
T 2

(o] n even
ap = .'%r n=1,6,49, 1345 -~
~2  p- 3P lT, -
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-'T"b;re-l-‘ore o -

fey- L .2 (costat - L cos3eidt 4L cossunt —L cosptsb4.~-- )
2 T 3 5

oAkt Ly =0 el - -aé-fé:(sr:;e)---i'ems -are ZevoOnly —
the (Cosize )-Lerms appear In the tn“yammu‘nt: geries- ]
Since there /s ondy e dellicvent &y Lhe Gevies,therefore
there is Udo altemalives for p(o?i‘aj the Spectra
| - ?loli}y

Qn where the phase f5 Jrrcteded jrn the S4in
of e @efficcandsas sbown in Fp-(1- 4O

‘P‘z/r
\
. os‘ ‘\ - . - -
¢ V wig- (-49)
s ;‘ .
% - . . T
Y T
( I,’ . 2/6”- 2/[?‘”.
—‘& Y '7’ I\.\}( /I/T\‘\ J',,? ,.’ "f\\z e o ;:""'L, .
; \ |/ \\l/' - 2w (17
! N/ 2 -
vir o
b2 3 4

5 6 % 8 494 o it © 3 W B 16 FIL
Wo 2o Mo Hup SN, Gdo Fo B qub l0Uh USs 126h 138D 14D ISWs Jfn s,

L= N2
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fée ﬂgaf&oe Sy Can be Y‘ef:resen’f:cal Qy . p&a_ge, 0. ,,C .
T rdians.. Thes. can be Seen from Lhe ideatity .

-Cos X = Co3 (X-T7) . . .

) - ,ﬂg}ﬂ 2%}.5 .ﬁch «fAc 496;";'85 Cdl;—ée exrnessed_.a;

.Q-t) 442 [cas tite + c'as( 3wot—‘r)+ L Cos( 5tiet ,-79

+ - osCruit-) +J.aos(mt-zr)+ e UthoT) l-eos(ls 4489

T/ws /s the desired form of The ca.w/oaa,‘ z!-r((;a;;omdm Tourfer
Series. The am,aloélw/es are .

e i-ir for = 3y F 5 12 18 5= - -
/) -pofaﬂ n #-317, il 16 ——

T'ze. plots of the amply$uaes ond phase are shown £n
'ﬁ\,‘a. (I.l—'/!) | —
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I ..(a). ..4c}n{,[,,:,/m(¢€.‘>ednww.

AT 55
I’ o YT W7y
- - > I . I_, | —d s

3 4 & 6 #. 8 9 to n 12 B KB4 B €W -
16tdo

-
AL

(k) Phase Spectrum-. - .

S e Fig (1)

potes The Lurst gnelhde Is Ahe st comentent methode and
we il e £t i all sur discusions.
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=i mpo 0T lpA—tle-tompact-Ary onometiic-Fource-Socee=

for - dhe. . perioa&.c Square Lave. {&t) shewn & Fy (I~ l{%)
ad. sketel Ms. - am/olwéz/ b_and Phase spectra :

7!&)
- — ' T .
i} B Bk e < Th b
- e Fig-(1-42)
- -, 72 To/l2
@ == [ sttt f At =
T2
.734 - 73'/2 '7"/2
an =_—§; f fa)czsnuot-a’i' 2 /@m,,uf-w-l—(smn&wl
..T‘/‘_’
e O
o2 — Tt

bp=2 / Fey <inmuastdi < 2 f Sin nbpt £ = ——*-L(-‘afﬂ“ﬁf |

6/ Siypce wo-rc = 27
. b =~ o
i mTz?T" (eosnr-1) = — L= = (cosnir-1) . -
b 0 -0 even Bewce Cos NTT= |
n=
n%r n ocld _ Slpce Cos N ==]
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:;.f@%:%:@sfmmﬁm@fﬁsmﬁm

: .*-El,_.s,»qwﬁ,u?}s/m/mtam.nm )

. The amplitude spcctraom of Burver serses /3 shawn fo Fy{l-42)

I .:_?.,‘%7:,,,‘___,_; S
- ost
37
YT L
| I A O I A e
W Bl L, T | GMe e 134 Iz N

Fig- (1. 43)
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e i £&) = 62 ., the Stpnal I3 aded. evm_ng;meéfz as.
o M £i9.089) Sanple(l-20) pP. £3

= $r3.(-42) example (1-22) P- 9F

..-3._ I£ _the Sepore! Nesther eveven .gfé;}:;efc/ 1oy odid Symmetry

Ahen_ALbe. 12 _pot Synmpedric as tn @.0.36).

exasple (|-20) p- 77

Yo I £ Zhe 5/‘/441 /s et gymmelre , hen the Fourrer Serres
Contains (Cosin Levns as el (S/'ﬂe) Lerms as i ewe 20

- 5- If the Sjyaal /s even hen. Lthere /s anly Lhe (cosive) Lerns
Qn hereas the Sine-Herms (bn) are Zere as in euample
lL2i . ... vt e e : :

_é-If ééé__zy'vﬂézfg_ggéﬁ then Lhereis only the Sine_toms bn

slheyeas Zhe Cosige-terms— y are &0 A5 17 amrle 122

2 IF the 3704[ Is .S‘}J/lefy ) Dhe Fourier Goefficients (au, b
Can be eNaluated by /'m‘ymt\v, The periodie Signal over
half-Gyele only malbiplied by 2 , 44l Is

73/2 7;/2 .
/ £ At = 2 [ fuydt
~®/2 ~T2/2

a2 if -F_('t) == FEt)  the. Sipnal Is calledodd g/(lﬂ)}/-eiry as n -
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O;‘é‘; ;f/&a

' /few.-m ' j;g@dm

47- Z‘ﬂ’fprodac«f a,‘-‘tw evel andac{a! ﬁmclihu‘ (s an

Ll —fonctonr - S

The product of T odd funclams /s an even Yunclion
The product of two even functims is av even funclim
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—_ﬁﬁsld&WE@d—zéée_@wM Founter-seyies - and-Slobef—— —

Yhe tolvesponding - Spectra for dhe periodie Lmpulse

functom shocy. ta. F9.0.430). R TV
- | (' ‘ r

The :én;/a);a/f/eﬁ/'c.ézner Serres

for Sp® /s goven by (sec eq i) .11 I [ [ I J I
35 (#) = Co+ ) Cn Cos(hwst+ &) ] _
We Lirsd Compute @y , Oy and b,. 1 () Apletuste spectiy
vy Fiq- 0-43
=L f’(((ﬂdf Sunce f St)clf=) See eqfisy) ocaeh
9 -o/z
an = 2ﬁ..-_ _5&] CoS ﬂwatJf = Cnsmt] —.& See eq(l. IQQJ -
% 2% e
7oy -
n.-_.-.b,,w][ ___gg,siﬂ{pu,ﬁ#-zsm@uz)i_,_o__-,_ See—2q.(194)...
- To/z |
Vheredore

Gt =L s Gatily < 2 5 Op-tr' Z2lais=0

s Sn(f):-—‘;l-; _H—i?_ Cos nwit )
n=

=ok(142(Cos Wot+ CosaWst + CoSTWGE +Cos 4ot + ~ ~ - - -)
Figl-w)shus Lhe amplitude spectrum . The Phase spectrun is 2ero
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_."The most im)oori’amf .and Convenjent.representaleaa of
. Fourrer Series is by Usipy @ set of exponentials

Jnﬁ-’of
e (Nz0,t1,£2:£39-—. ).

‘—-——"—Tm“"ea x‘—-f'itﬂtéo05%£l‘)y-é§"&;45‘59"‘#’03‘9”da'&z e e
(G »t2) JF _

*2 : R
# Consbat dor m=n

J@n&'} <bw?&) d'é' ={ 0 {Z«y— m#ﬂ - — (,Hé.)
; ~ A Nt |
“The c@,f/exaa( exponesial sk € is a Cmplele
Orthogonal set over any cnterval of diaralion’To = 207/4k.
- Lhat is i,
%1% o for mé#n

' 1 £ /J “o'f& ,._____..”.4 )
éfé"""’ i 7 IR T (R
!

. '7'77& .S/'yM/ -F(t) Ca» be expresma’ over apn (n terval af'
drardlion T, as an g’xponent:a.e Series as

& Jnweb 2 _ jnewt
‘F(t.);- Z_Ee - Fo-{-Z"‘ne ___([-L.L?)
= 0D 02
CE
7 o
-ano'b
where Fy- L [ fays ok~ - — 4D
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-Fo rm of +vs onomesric Poutrfer Sevfes.

Ié 1= much more Gonuvenjers 75 handle the Exponential
Sertes dhan Hhe Crigomometric ave - ly Speven apaly ssts
dé'o; Z"ée CJ(PODM,Z(‘/ZZ/ .,(érm Proues more vvenient Lhan
£he %ryaﬂameza‘n‘c form. For these Yeasons coe shat) tse

ex ponential (ratherthen z‘rgo/;ame,#ﬁ'c) repres enbetion. of.
_.,_......_____;s_lg.ndg;___.H..__.....,.__..._.....‘....A... e U SO O - —— e e

EX. [-24 Find the exponwtal Foa;fer Serres {or Fbhe

signal shown o Flg-(-44) f&) €7

1 =t
NN
o o war

Fig-Q-44)
Solitiay 3 |
in this ase, To=T, to= 202 2 and
B Y
'FCi‘) = ZFn e - ZF’" e
=02 ) N e w00
Lbere .
- ® ot Toah jont
Fn::,j;-f‘)c(t)e d‘é’:.L.fébk 2
+
D ’ (giant7]
T (i - -
N e N iy ”
o W L z-i2 )
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= == ’ f—&“.dm}-ﬂ—_zei_\ ey LI LLEL B

T (1+300) S

-Th -§2nT
= ( e e .-l
'Vfl-rdé‘”) _

Mabe Ahet e =0-2079 . -

~-d2nt -
ad e - {Cosang ~§ sin 2nh)

Cos2n7 =0 oy S 07T =0 oea-raaj(.éﬁuogn

:-;‘:n— -2 (a_p,o;zg) ) - o. S04 10\504 ~J4
TR [+§4n 160

ié&p -
n = ‘Fn, é n ﬁ)jerel Fhf 5(1;18&324—2&4( ¢

gnl =0 504
[ Vi+8n2

and By= Tan’ logas, - Lo AN - _Zay

J”’"t A=dn_
_ ‘F('t) Z_Fﬂ = O- 50/4-2’ 16Nz

ﬂ""'“’ N=-—00

52 nt
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F
'f{::-!'l \Gwni--zz for & --3

1464 _ I+ /44

for
A e = _,___,,‘T.z—;-g—_". T qf P .-_..-_.._.....-‘Jézé_.- =
£at) - 0-Bod iﬁ’df‘_,e NIES E2 TSP

© . . ! * . . IS t
+ 44 + _L:.‘!igZééy- _i.:_éﬁgﬁ _l:"...’.?:g‘__“)

R O L L .o S

fox M=o ke n= - for n=2 for =3

'""'""'—F.-O"“ r-:' “‘"**"‘FZ”_"‘FQ_ et ettt oo =
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Exponential Fourter spectra .

In exponential spectra, Lhe Coefifictents Fn ane
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Comp/lex in general » ce need tuwe plots : the (ral and
imaginary Parts of Fn or we plot the amplbude
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J 0
Fo=lEl & - e (1. 50)
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Foz. do = Co ———
and fov .Veal periodic synal Lhe Coeffccents Fin and
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’Evl'—‘l":-nf=i'cf’ - - — —d{i-539
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B, is the Phase of £, .

JO.p - - ~4 8 2
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Ard tohen -th) s a Teal Luntiny, Ehen Ehe T

dmf&i‘ﬁd s(:edérum (IFnl vs.)) [s 2y even ,&mdéz_wm,
and the angle spectrum (On vs-L0) /s an gdd fintionof &

Retum 1y Zhe sen.‘;zs in Exe |2}

F:O = 01604 o J?Sq"o
5?6.76 = o122 & 7 !F:,,] :'0-'22

F__, - 0'5‘0‘(‘6
I#
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Chapter Two

Fourier Transform and
Applications
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Chapter two
Fourier transform and its applications
2.1 Introduction

We have seen in Fourier series how to decompose a signal in the
time domain into its harmonic components when the signal is a
periodic function that has a well-defined fundamental period T (and
frequency w =2 1 /T ). This gives a discrete spectrum (set of
frequencies).

But many signals when represented in the frequency domain have a
continuous spectrum. These represent signals in the time domain that
do not have a single fundamental frequency. That is they are not
periodic functions.

Of course, in engineering, most signals are not periodic; e.g. the
accelerations in earthquake, random vibrations, chaotic outputs of
simple nonlinear circuits, freak waves such as tsunamis the Severn
bore, etc.. ..

Fourier series are applicable only to periodic functions but non-
periodic functions can also be decomposed into Fourier components -
this process is called a Fourier Transform.

So, we need a technique to find the frequency content of an arbitrary
function f(t). The only stipulation is that the signal contain a “finite
amount of energy”.

Such functions could have a finite duration, e.g.

£(t) = 1 teor —1 <t
(£) = 0 otherwise

or have decaying tails

fty=e.
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We will motivate the idea of the Fourier Transform as the analogue of
the Fourier series but with continuous frequencies w rather than discrete
frequencies w, = 2mn/T.

il — / © F(w)eitdw
o

F(w) = / f(t)e “dt

Definition: We say that F(w ) is the Fourier transform of f(t)
and f(t) is the inverse Fourier transform of F(w ).
Sometimes f(t) and F(w) are called a Fourier transform pair
and written:

f(t) <> Flw)

Example 1
Using the Fourier Transform integral equation, directly find the
Fourier Transform of
X(t) = e~ u(t),a>0
solution

X(jw)= je_m e dr = je_m"rw)’dt

0 0

| e—ale—_;'(o! o 1 a>0
X(jw)=——""—"7 ==
a+ jw |(} a+ jaw
V= a+jw
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2.2 Properties of the Fourier transform ;

a. Linearity

If f(t), g(t) are functions with transforms F(w), G(w), respectively,

then

* Ff (1) + 9(1)} = F(w) + G(w)

Example;

1. F{2 ‘u(t) + 3 u(t)}

bo

I i) = {

b. Shift properties

= F{2e'u(t)} + F{3e u(t)}

= 2F{e ‘u(t)} + 3F {e 2 u(t))

2 3
— - 1

I +iw 2+ 1w

3<t<3
otherwise

There are two basic shift properties of the Fourier Transform:

(i) Time shift property:

(1) Frequency shift property

FLf(t —t0)} = e 9 F(w)

f{f"i“"{'”f(f.)} = Fw — JJ[))-
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Here to, wo are constants. In words, shifting (or translating) a function
in one domain corresponds to a multiplication by a complex
exponential function in the other domain.

We omit the proofs of these properties which follow from the definition
of the Fourier Transform.

Example Use the time-shifting property to find the Fourier Transform
of the function

otherwise

1 3<t<5
fl(f):{o

g(t)

~Y

Example
Compute the Fourier transform of f(t)

[ = CE1+2)

Solution
o0 o0 i
F(w)= _[f(t) e’ it = j C&t+t,)e’”dt
~Q0 00
Step 2. Evaluate the Integral

= Ce/%
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A F(w)
T¢ F(o)=at,

B\V
el

A more compact notation

In many applications you will find that a more compact notation is
used for the Fourier series. Using the identity

e = cos (#) + isin (0)

We can write:
- - 1 i —if
cos(f) = 3(6 +e7 ")
=R
sin(f) = 3’—( ® '")
Example
Find the Fourier Transform of cos(w0t)
Solution ;
1, ; - 1 1
F[ms(mur)]=F[E(e”'°‘+ e’™)] whereC =5 Ca=3

F[cos(agt)] = %[2:: O(w—wg)]+ %[2:: d(w+wy)]

=nd(w—awy)+rd(w+agy)
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2.3 Inverse Fourier Transform:
It is always possible to move back from the frequency-domain to

time-domain, by either summing the terms of the Fourier Series or
by Inverse Fourier Transform

1 > 5
) = = / F(w)e™tdw

example
Find the Inverse Fourier Transform of the following function

[ 1 |o]<w,

X(jw)=
e ]0 | > @, |

Solution
),

| : i I P
x(t)=— J..\’( jw)e' dw=— '[I e’”"dw
2 * 2

. @, i i
. I ()[(Ul l ()/().l_() J !
X(1)=—— = .
2r gt |, 2w Jt
sin( @,
x(t) = 220
- Tl
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Frequency response

Fourier Transform of h(t) is the Frequency
Response

h(t)=e "u(r)

Y

+ jw

h(t)=e¢ u(t) = H(jw) = ]

Magnitude and phase plots

H(jw)=—— y

l|X(fw}| ]

a+ ja

— 1 i

R )
a +a@

—ii-a —a 0 P 4:;5? @

Example
Find the inverse Fourier Transform of

X(w)= 1 1<w <1

0 otherwise
rect[ﬂ]
2
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Solution

__1__ Jjot 1 Jot —L_
*(@) =7 | X@)e’ do __J le™do=7, ¢
_ 1 ( it _ gt )= sin( 7)
27 jt wt

Step 5. Simplify to the sinc function

Wy .
= — sinc( £
— sinc( ¢ )

-1
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Solved Problem

Exi. Fud the Fourier 'l':namsfbrm of £ ), shown i Fig .
The Punclion fitg) o Jiven by .

fiey = " beo
Ead' + >0
5 a(kfon f 4
e A &= f 2 .‘mu _:'Qtz:[m_t e e
4 tT) € e Jt
o
_ | + I 2a
ol-Jw ofJw az.;.u)z
Bt £ ¢e)
A /l-ig-_
o
ry +1 —_ s a?

EX2. ’—uw/'Htﬂ Fou:eftm-ﬂém ‘Dfo )é(l‘} shown i ‘F"j.rt\ﬂ
ﬁmc'ﬁon 7@(1'] v given by
e o —at - RS

7@‘9 = St

- e t<co

F tf) = f gt "“”Uﬂ f Tt St

.J ' 2w
d—Jw atrgw g 52

S'o}nj:md‘.

t <
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eX3. Find e /%.m-ertmm&m',f the square pulse shown i {“&3,
£300)
€

>
° a .t U4

Souoﬂ

: ]
- ~ -t -

F;(fj :Ea(w) ;Twa/? whiteh 1o aakrﬂlkﬁn
As(f) F oy

/\Eq wa)2
— LN\ N
N A\ 4 ki

r 8s(¢)

whene Az () _He ma(-sn:Ue
9:(7:) - 'HM. ayale .

xd. Fud te Fowier brancfoem of He expononbin/ fodion shoow

‘ L] “ lé)
M Fﬂ | &
4"

I° o
sodution .

N(F) = 2
24T
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EX.S Fa.r\j S(¢) wrre&po“JJﬁt Stw) shown Lv\f:\ﬁ .

whete  Stw)= Atw) JO) .
Atw) o(w)

T

[,

-F
aE——
2

Y ém‘o

! JOolw
~ag

0
- J_ / Tz Tul , “".J'gl' Jwt
"21'__”,3 e dw + e’ e Jw

R S V7 | .

£X-6 Fiﬁj’ﬂﬁ FT ofl"l;w\d'gni'e Froncian

g lH<F
£ee) cvect (€)= ,
o ikl 25
Solu ot = . -
ag M
Fro)= [ PRIE Jt f ST
2 2
, =gt ] ) ( ~JZ T
- Tw _,l/z Jw )
—  Swn ('U/z)
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2.2 convolution theorem;

Commonly used in engmeermg, science, mathematically equal to
RO 50)= [ Afle—o)ae

To solve the equation above we do the following steps;

-Rotating one of the functions about the y axis

-Shifting it by ¢

-Multiplying this flipped, shifted function with the other function

-Calculating the area under this product

-Assigning this value to f,(f) * L(t) at t

Example; 1
~ Detomino raphially )=k for )= ot and i = e,
] x(r_). o : |
& ¥ey= [ (@t -tidt >0
0 oy 0 [
Remember vanab!eof
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I 1<)
! kit - 1)
yit)= [ e g
0
¢ |
=e-21/ etd_t t 3 T —
0
- e—t _ €~‘b 120
0 T p
Moreover, y(f) = 0 for f < 0, so that

yit) = (e 5e"‘)u(r) " “t/\
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X4 - Convolve the two step functions shown in Fig.3
' h 1A,

(o) (]
Figure 2 Two step functions to be convolved.

Soluiion .
Since 1,(t) and £(1) are identicat, we will arbitrarily choose to use Eq.
11b. Therefore f(A) and £(t—\) must be found. To find £,(A) is easy;
we simply replace tby AinFig. 332 . S

To find £(t—A), we can write
=1 >0
(4} t<0
Then substitute (t—A) for ¢ to get
' L{(t—-A)=1 (-A>0
. 0 i-A<0
A preferred form is )
Lt-A)=1 >A
0 t<aA

This same result can be obtained graphically. We begin in Fig. #.2by
_ plotting 5(A) versus A. This funciion is “tiipped” in Fig. - 4. b to obtain

- ) =N
1 —— ]
BM = A o NN S -
fa) oy

ft=1) ft—2a) . .

1 1

t I > A " 2 A

() td)

Figure. tf Flipping and slipping /.
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f(—A). Note that 5 —A)=£,(0— A), or thisIs £(t=-A) if t=0. This same
function i3 shown for other.values of ¢t in Figs. 4 ¢ and Fig, ¢ d, first
for a negative value of f (say, f= —1) and then “or a positive value of .
This completes steps 1 and 2., T

Now we must multiply £(\) by £(t—A), step 3, and integrate according
to Eq. 41. This must be done for every value of ¢ in the interval
=00 < t< 00 (step 4). The solution is continued in Fig. * S , where in Fig.
‘5 a the value of t is less than zero and the product f(A)&(t~ ) is
zero for €very value of A, InFig.. g bwith > 0, the product f(A) (T A)
is equal to 1 for 0 <A < t and zero elsewhere. Thus L({) is given by

0 t G
L=} OdA+[1dA+| 0dA=t, >0
3() f—oc i fo j; : Ceeee
This Is plotted in Fig. S ¢ and we see that the convolution of two unit

siepsresults in the unitremp,

ft—» i)
p m —3=A
fa)
Hlt=N) H)

&\§ A

{b;

£3(A)

. {

e S -

0

fc)

EX 3 Figure . & . The process of convolving two step functions.
Convolve the two functions shown in Fig. €
£ (¢) 120
2
2‘_,-2(
‘ S ——
Figare & .-A stcp and an
2§ >-¢  exponential function to be
0 0 . convolved.
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Solution . Co :
We will graphically fiip and sfip () Yo lllustrate how this is'done. [it
would be easier to flip and slip £,({) since it is a simpler function than
f(t) and we would normally choose the easier dpproach.] Therefore, the
foliowing formula will be used. ‘ '

a0=f" FQEE-N) K

Study Fig. .7 .. We proceed from £(}) in. Fig. 7.3t £(~A\)in Fig.

1.bto h(t—A)inFigs. 7.cand 74. To evaluate £(f) we note that
f(A)f,(¢—A) is zero for all t< 0, Therefore, (1) is zero for alf $<0. Now
for t> 0 we have (Fig. .d) B

t t :
0= fo 20~A!~N g) = 262t [e2=1-e% >0

e fa(ﬂjiplnﬂed_in_Eig..,..q-_e._. .

£ B FoA=N)
3 —>=2 - | 5 5= A
(o} . b)
: ' 0 .>~ A
{c)
— ;“_;.)_ T _..&('\‘) PSS m—— s o st e
2072~ N 0 .
= &t — A
dj
(1)
1~¢2 -
= lo - s cad
{e

Figure ¢ 7 . The convolution of a step and cxpenential functijon.
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2.4 Power and Energy Spectral Density

« The power spectral density (PSD) S (w) for a signal is a

measure of its power distribution as a function of frequency
« Itis a useful concept which allows us to determine the
bandwidth required of a transmission system

« Consider a signal x(t) with Fourier Transform (FT) X(w)

X () = Tx(t)e‘j“’tdt

« We wish to find the energy and power distribution of x(t) as
a function of frequency

Consider an energy signal g(t), Parseval’'s Theorem states that

‘x‘ ) , N W
Eg = ./_x f.(](t)\z(lf — o ./_Y ‘(1(w‘)42d;d

Proof:

E, = f__ , t)dt = f x g(t) [?1? f_lx G"(w)e‘j‘“"dw] dt

o e [[_. V—Jwtdt} duw

= 3 [20. G(w)G*(w)dw = 5= [ |G (w)[*dw

27
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2.4.1 Energy Spectral Density

* Parseval’s theorem can be interpreted to mean that the energy of a signal
g(t) is the result of energies contributed by all spectral components of a

signal g(t).

* The contribution of a spectral component of frequency w is proportional to
|G(w)|"2.

* Therefore, we can interpret |G(w)|*2 as the energy per unit bandwidth of
the spectral components of g(t) centered at frequency w.

* In other words, |G(w)|*2 is the energy spectral density of g(t)

Example
Consider the signal g(t) = e~ u(t) (a > 0).

Its energy is
5 2 . 2at 1
E,= / g-(t)dt = / e~2atdt = —
S oo Jo 2a

We now determine E, using the signal spectrum G(w) given by

o 1
G(w) = —
Jw +a
It follows
1 = : 1 = 1 1 W1 o 1
By—r | [G@)Pdi— / T e
. oY S 2% J_ oo W5 Fa* 2ma a~— 2a

which verifies Parseval’'s theorem.

If x(t) is the voltage across a R=1 resistor, the instantaneous power
is,

(x(©)* _
R
Thus the total energy in x(1) is,

(x(¥))’

Energy = Ix(t)zdt
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From Parseval’s Theorem,

Energy = j\x (a))\zdf

0

= (X (27F)|"df

- [E(24)df

v
—0o0

2.4.2 Power Spectral Density

The power P, of a real signal g(t) is given by

T/2
lim — )dt.
By = = o T / )

All the results for energy signals can be extended to power signals.
Call S,(w) the Power Spectral Density (PSD) of g(t). Thus,

P 1

2 . Sg(w)dw.

We find the average power by averaging over time

lim 177
Average power = — j (X, (1)) dt
T >

—T/2

Where xT(t) is the same as x(t), but truncated to zero outside the time
window -T/2 to T/2

» Using Parseval as before we obtain,
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lim 1 77
Average power = il j( ()2 dt
T >

-T/2

m oL j\x (27 ) df

< lim ‘X (27#)‘
T >

'—:

0

= [ s, (2Af )df

Where S (W) is the Power Spectral Density (PSD)
im | X; (@
S, (w) = —‘ ( )‘
T—o>0 T

Example
Evaluate the power, the spectral density and autocorrelation function
of the signal

f (t) = Acos wot where wo = 2rt/T. We have

Solution

W A% A 5
= T/ _‘s-(‘()‘\*-‘.».’uf dt = T “5 / (cos 2wot + 1|(“ = x-';)

The evaluation of the average power of a sinusoid is often needed. It
is worth while remember in g that the average power of a sinusoid of
amplitude A is simply A*2/2.

We also note that the Fourier series coefficients of the expansion

104



f&)= Y Faemnt

n=—oo

Fn={A/2,n=:tl

0, otherwise

P=72(t)=) |F.? =2x A*/4=A%/2
Spf(w) =27 |Fol?8 (w — nwo) = w% {8 (w—wo) + 8 (w+ wo)}

p__/ T_"'{a(w wo) + 68 (w + wo)} dw = A* /2

vy (t) = | Fof” + 22 |F, |? cosn wot = (A?/2) coswpt.
1

Ryy (jw) = %{J(w—onJ(erwo)} = Spp(w).
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2.5 time —averaged noise representations;

In general, noise is random. Hence we cannot deterministically evaluate it.
However, using its statistical properties, we can quantitatively analyze and
hence design procedures to remove random noise

To do this, we need to know the distribution of the process that generates the

noiseTypically, the noise is characterized in one of two ways, according to its

distribution
.Uniform random noise ------—-- Noise distribution is uniform
. Gaussian random noise -~------- Noise distribution is Gaussian

Noise is also characterized, according to how it is integrated into the signal
Additive noise — most noise is assumed to be additive, because it is easier to

work with

X (t ) =S (t ) + n(t ) Measured signal = true signal + noise

[ Multiplicative noise

X ( t ) =S ( t ) X n(t ) Measured signal = true signal * noise

For the uniform random noise, the mean and the average power, calculated
theoretically. Noise is only statistically characterized. We cannot
discuss a single event at a certain time.
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time average: Averaged quantity of a single system over a time interval.
(directly related to real experiment)

— 7
mean. v)((;[):,hm ~ f x(f,)dl‘

)

variance: o =x()” - x(t

g

rms:

— T

- 1%,
N =Nx = [hm— | x(7)dt
Tox T 5

2.6 correlation function;

When the autocorrelation function is normalized by mean and variance, it is
sometimes referred to as the autocorrelation coefficient

Given a signal f(t), the continuous autocorrelation Ry{T1) is most often defined
as the continuous cross-correlation integral of f{t) with itself, at lag r.

Rpp(7) = f(—7) = f(7) = /: flt+ 1) Ft)dt = f_ Z FOF( —7)dt

For processes that are also ergodic, the expectation can be replaced by the
_limit of a time average. The autocorrelation of an ergodic process is
sometimes defined as or equated to

T _— .
Rir(r)= Jim = [ 7t 1 )Tyt
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One way to characterize noise (or any signal) is to use the auto-correlation of

the noise: The auto-correlation gives a measure of the “memory” of the
system. A very important special case of correlation is autocorrelation.
Autocorrelation is the correlation of a function with a shifted

version of itself.

2.6.1 Autocorrelation can be used to extract a signal from noise

@ Rondom noise has o 'spike’
autacorrelation funchon

auvtocorrelotion fundion

® 50 the autocorrel ation of @ noigy sine...

" reduces the noise to a spike
NWWUWV\N\AJ\'W\N\AMW* e ond leavesthe sine clearly peniadic
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2.6.2 Cross correlation;

Cross correlation can be used to detect and locate known reference signal in
noise. Cross correlation is really just “correlation” in the cases in which the
two signals being compared are different. The name is commonly used to
distinguish it from autocorrelation.

8 Arodar or sonar ‘chimp' signel...

® bounced off o target moy be bunied in
NOI...

® but correloting with the 'chirp' reference

® cleorly reveols when the echa comes

ol
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A comparison of x and y with y shifted for maximum correlation.

x(D)
f

P A ANAAAA A 7

Y

R (T
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Cadenldate the (@) averoge value,6) At powry and
) Mm-S valuve bp “H\E. PEA’!’oouQ_ wm-ﬁorm
V) = 1+ wos wit . -‘

Soﬂ;ﬁﬂ:.m :

Becouge v{t) re per:ooh}_ w e Cam) mi‘zami& e Nk

00l
peced ‘”“ﬂ‘”““gz okig thelnd .

) v = f (/d-wrw-{),ut =4
"T/z
S T/2
b sy = L f stwijatf
~Tl2

2 72 .
c/ V(i) = —7J:- f (7 Cw.&'%'f) oAt
- I

Ve 2 2
[ (/4 2 coSuy T+ Co5 wt)dt = 5
x

- P = ‘/3
\[T.m,_S" 7 u?(U “z

N
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Example 2.

Determine and sketch the autocorrelation function of 2 periodic square wave with

-peak-to-peak amplitude A, period.T, and mean value A/2.

Solution. Because f(t) is periodic, the limiting operation in the determination of R/(x) can be
replaced by a computation over one period. Using an alternate form of Eq. (3.33)

{see foomote to that equation}, we have

For -T{2<7< 0 _
" 1 [ 1 7

-1

! With a change of variable, this can also be written as
1 TR
R/{7) = lim —; j P — 7)) de.
T T -2 .

ForQ<7<T/2:

T4

= — d = ——— i aand
Ri(7) T Atdt A(2 T)

T4

_ A graph of f(t) and R,(r) is shown in Fig. 4.2 Since f{ + T) = f(£), all calcula-
tions repeat over every period. It follows that the autocorvelation function of a peri-
odic waveform is periodic. Similarly, the autocorrelation function of an aperiodic .

waveform is aperiodic.

Solution

Example 3

f(r)
A
L I 1 I ] ] ;
-T A 0 /A T 31, 7
(@
Re(D)
%A ' '
/I\/ \M T -
-7 _1'12 o T,z T JT,Z‘ by
()

Figure 2.2, (2) A periodic waveform and (b} its autocorrelation function.

Find the autocorrelation function of V2 cos (wet + 8).

2

R,(f)”= — J 2 cos (c;;;—?’éj' cos (wgt + wgr + O)dt,
T m
772 ! 2

3
Rr) = T €os wgrdt + -;,— cos (2w + wgr + 26)dt,
- =T

. Ry{r) = cos w,r.

Note that the autocorrelation function is independent of the phése.ﬁ.
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f1} Rr(r)

° N AN N/
WV VYV
- ] [| (]
—40 1‘o 410 @ 80 o 20 40 60 80
(a) ®)
4 4r
o) R (7}

Figure 3,8 Autocomelation of a periodic signal plus noise.
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