4) The Prepositional and Predicates Calculus:

4.1 The Prepositional Calculus:

The propositional calculus and predicate calculus are first of all
languages. Using their words, phrases, and sentences, we can represent and
reason about properties and relationships in the world. The first step in
describing a language is to produce the pieces that make it up: its set of
symbols.

Propositional Calculus Symbols

+ The symbols of propositional calculus are: {P,Q,R, S, ...}

4+ Truth symbols: {True, false}
% Connectives: {A,Vv, =, >, =}
Propositional symbols denote propositions, or statements about the world

that may be either true or false, Propositions are denoted by uppercase
letters near the end of the English alphabet Sentences, For example:

P: It is sunny today.

Q: The sun shines on the window.

R: The blinds are down.

(P—Q): If it is sunny today, then the sun shines on the window
(Q—R): If the sun shines on the window, the blinds are brought down.

(—R): The blinds are not yet down.
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Propositional Calculus Sentence

+ Every propositional symbol and truth symbol is a sentence.
For example: true, P, Q, and R are sentences.

+ The negation of a sentence is a sentence.
For example: —P and —false are sentences.

+ The conjunction, AND, of two sentences is a sentence.
For example: P A —P is a sentence.

+ The disjunction, OR of two sentences is a sentence.
For example: P v —P is a sentence.

+ The implication of one sentence from another is a sentence.
For example: P —> Q is a sentence.

+ The equivalence of two sentences is a sentence.

For example: P v Q=R is a sentence.

+ Legal sentences are also called well-formed formulas or WFFs.
In expressions of the form P A Q, P and Q are called the conjuncts. In PV

Q, P and Q are referred to as disjuncts. In an implication, P —> Q, P is the

premise and Q, the conclusion or consequent.

In propositional calculus sentences, the symbols () and [ ] are used to
group symbols into sub-expressions and so to control their order of

evaluation and meaning.

For Example: (P v Q) = R is quite different from P v (Q = R) as can be

demonstrated using truth tables. An expression is a sentence, or well-
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formed formula, of the propositional calculus if and only if it can be formed

of legal symbols through some sequence of these rules.

For Example: ((P A Q) = R)=—P VvV —QVR is a well-formed sentence in

the propositional calculus because:

P, Q, and R are propositions and thus sentences.

P A Q, the conjunction of two sentences, is a sentence.

(P A Q) & R, the implication of a sentence for another, is a sentence.
—P and —Q, the negations of sentences, are sentences.

—P Vv —Q the disjunction of two sentences, is a sentence.

—P Vv —QV R, the disjunction of two sentences, is a sentence.

((PAQ) > R)=—P YV —=QVR, the equivalence of two sentences, is
a sentence.
This is our original sentence, which has been constructed through a

series of applications legal rules and is therefore "well formed".

PROPOSITIONAL CALCULUS SEMANTICS

An interpretation of a set of propositions is the assignment of a truth
value, either T or F, to each propositional symbol. The symbol True is

always assigned T, and the symbol False is assigned F.

The interpretation or truth value for sentences is determined by:

#+ The truth assighment of negation, —P, where P is any propositional

symbol, is F if the assignment to P is T, and T if the assignment to P is

F.

64



+ The truth assignment of conjunction, A, is T only when both

conjuncts have truth value T; otherwise it is F.

+ The truth assighment of disjunction, Vv, is F only when both disjuncts

have truth value F; otherwise it is T.

+ The truth assignment of implication,—>, is F only when the premise
or symbol before the implication is T and the truth value of the
consequent or symbol after the implication is F; otherwise it is T.

#+ The truth assignment of equivalence, =, is T only when both
expressions have the same truth assignment for all possible
interpretations; otherwise it is F.

The truth assignments of compound propositions are often described by
truth tables. A truth table lists all possible truth value assignments to the
atomic propositions of an expression and gives the truth value of the
expression for each assignment. Thus, a truth table enumerates all possible

worlds of interpretation that may be given to an expression. For Example,
the truth table for P A Q, Fig.(a), lists truth values for each possible truth

assignment of the operands.

Pl Q| PAQ
T T T
T|F F
FlT F
F|F F

Fig. (a) : Truth table for AND A operator

P A Qiis true only when both P and Q are both T. Or (V), not(—), implies

(—), and equivalence (=) are defined in a similar fashion. The construction
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of these truth tables is left as an exercise. @ Two expressions in the
propositional calculus are equivalent if they have the same value under all

truth value assignments.

This equivalence may be demonstrated using truth tables. For example, a

proof of the equivalence of P — Q and —P Vv Q is given by the truth table
Fig.(b).

el

- (ﬁpvcz) =(P>Q)
H N

_
IEIEIEIEI
I .

S

Fig. (b) : Truth table demonstrating the equivalence of (—PvQ) = (P—Q)

By demonstrating that two different sentences in the propositional calculus
have identical truth tables, we can prove the following equivalences. For

propositional expressions P, Q, and R:

The double negation law : — (—P) =

The implication in terms of V law: P > Q=—-Pv Q

The contrapositive law: (P — Q) = (—Q — —P)

De Morgan's law: —(P v Q)= (=P A —=Q) and —=(P A Q)= (=P v —Q)
The commutative laws: (P AQ)=(QAP)and (PvQ)=(QvV P)

The associative law: (P AQ) AR)=(P A (QAR))

The associative law: (P v Q) vR)=(P v (QVR))

The distributive law: P v (QAR)=(Pv Q) A (P VR)

The distributive law: PA (QV R)=(PA Q) Vv (P AR)
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Identities such as these can be used to change propositional calculus
expressions into a syntactically different but logically equivalent form.
These identities may be used instead of truth tables to prove that two
expressions are equivalent: find a series of identities that transform one
expression into the other.

The ability to change a logical expression into a different form with
equivalent truth values is also important when using inference rules
(modus ponens, and resolution) that require expressions to be in a specific
form.

Truth table then will list all possible truth value assignments to the
propositions of an expression, the standard truth tables are shown the

figure below:
A7zl frs

F- F 2 F 2 F 2N g
T T T T T T
T o = T o T
Faa T Fo Fa T T
= = o = = =

. . . BFaerz Mg
2 =4 2 —g 2 ~P
T T Y i T =
T = = = T
= T T
= o T

Example: Use a truth table to list all possible truth value assignments to the
propositions of the expression (PAQ)v(— Qv P).

Answer:
P Q PAQ mie TQVP | (PAQWV(QVE)
T T T F T T
T F F T T T
F T F F F F
F F F T T T
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Example: Prove that (P A Q) is not equivalent to (P = Q) , in other word
prove (PA QQ Z(P—> Q)

P Q (PA Q (P—>Q)
T T T T
T F F F
F T F T
F F F T

Example: True or false: (PAQ) # (P—>Q). Answer: true.
Example: True or false: ((P>Q)AQ)—>P. Answer: ??7?.
Example: Convert the following engilsh sentences to propositional calculus

sentences:

e |tis hot.

e |tis not hot.

e |fitis raining, then will not go to mountain.

e The food is good and the service is good.

e |f the food is good and the service is good then the restaurant is
good.

Answer:

It is hot
P

It is not hot
ap

If it is raining, then will not go to mountain
P - B!

The food is good and the service is good
X N y

If The food is good and the service is good then the restaurant is good
X VAN Y — Z
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