Frequency Response of Linear

Time-Invariant Systems

In this section we develop the characterization of linear time-invariant systems in
the frequency domain. The basic excitation signals in this development are the
complex exponentials and sinusoidal functions. The characteristics of the system are
described by a function of the frequency variable co called the frequency response,
which is the Fourier transform of the impulse response h (n) of the system. The
frequency response function completely characterizes a linear time invariant system in

the frequency domain.

e Response to Complex Exponential and Sinusoidal Signals: The Frequency

Response Function

y(m) = > h(x(n-k)

k:—OO

In this input —output relationship, the system is characterized in the time domain by its

unit sample response {h(n), —co < n < o}

To develop a frequency-domain characterization of system, let us excite the system

with the complex exponential
x(n) = A", —co<n< o

By substituting x(n) in to y (n) we obtain the response

ym = > h(k)[4el )]

k:—OO

> h(k)e‘f"’k‘ el

k=—c0
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In fact, this term is the Fourier transform of the unit sample response h {k) of

the system. Hence we denote this function as

H(w) = z h(k)e 1wk

k=—c0

With the definition in above equation, the response of the system to the complex

exponential will be

y(n) = AH(w)e/""

Example 1: Determine the output sequence of the system with impulse response

n

h(n) = (%) u(n)

When the input is the complex exponential sequence
x(n) = Aef™/2, _—co<n<ow

Solution:

H(w) = Z h(n)e ivn = +

/4 1 2 e
H(E)=— = e atw=rmy2

And therefore the output is
yn) = A (i e—jZ6.6°) oimn/2
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y(n) = EAe’(T_ZM), —o<n< oo



Example 2: Determine the response of the system in example 1 to input signal

T
X(n) = 10—5sinEn+20cosnn, —oo<n< oo

Solution: the frequency response of the system is:

N . 1
Hw) = ) h(men = ——
= 1-5e v

e The first term in the input signal is affixed signal component corresponding to

w=0

1
H(O)=—1=2
-3

e The second term in the input signal has a frequency g at this frequency the

frequency response of the system is

H (g) _ %e—jze.eo

e the third term in the input signal has a frequency w = m at this frequency
H(m) = 2
=3

Hence the response of the system to x (n) is

10 /m 40
y(n)=20——sm(in—26.6)°+?cosnn, —co<n<o
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