
Frequency Response of Linear 

Time-Invariant Systems 

     In this section we develop the characterization of linear time-invariant systems in 

the frequency domain. The basic excitation signals in this development are the 

complex exponentials and sinusoidal functions. The characteristics of the system are 

described by a function of the frequency variable co called the frequency response, 

which is the Fourier transform of the impulse response h (n) of the system. The 

frequency response function completely characterizes a linear time invariant system in 

the frequency domain.  

 

 Response to Complex Exponential and Sinusoidal Signals: The Frequency 

Response Function 

𝐲(𝐧) = ∑ 𝐡(𝐤)𝐱(𝐧 − 𝐤)

∞

𝐤=−∞

 

In this input –output relationship, the system is characterized in the time domain by its 

unit sample response {ℎ(𝑛), −∞ < 𝑛 < ∞}  

To develop a frequency-domain characterization of system, let us excite the system 

with the complex exponential 

𝒙(𝒏) = 𝑨𝒆𝒋𝒘𝒏 ,     − ∞ < 𝒏 < ∞ 

By substituting x(n) in to y (n) we obtain the response 

𝒚(𝒏) = ∑ 𝒉(𝒌)[𝑨𝒆𝒋𝒘(𝒏−𝒌)]

∞

𝒌=−∞

 

= 𝑨 [ ∑ 𝒉(𝒌)𝒆−𝒋𝒘𝒌

∞

𝒌=−∞

] 𝒆𝒋𝒘𝒏 
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In fact, this term is the Fourier transform of the unit sample response h {k) of 

the system. Hence we denote this function as 

𝑯(𝒘) = ∑ 𝒉(𝒌)𝒆−𝒋𝒘𝒌

∞

𝒌=−∞

 

 

With the definition in above equation, the response of the system to the complex 

exponential will be 

𝒚(𝒏) = 𝑨𝑯(𝒘)𝒆𝒋𝒘𝒏 

 

Example 1: Determine the output sequence of the system with impulse response 

𝒉(𝒏) = (
𝟏

𝟐
)

𝒏

𝒖(𝒏) 

When the input is the complex exponential sequence 

𝒙(𝒏) = 𝑨𝒆𝒋𝝅𝒏/𝟐 ,        − ∞ < 𝒏 < ∞ 

Solution: 

𝑯(𝒘) = ∑ 𝒉(𝒏)𝒆−𝒋𝒘𝒏 =
𝟏

𝟏 −
𝟏
𝟐

𝒆−𝒋𝒘

∞

𝒏=−∞

 

𝑯 (
𝝅

𝟐
) =

𝟏

𝟏 + 𝒋
𝟏
𝟐

=
𝟐

√𝟓
𝒆−𝒋𝟐𝟔.𝟔°      𝒂𝒕 𝒘 = 𝝅/𝟐 

And therefore the output is 

𝒚(𝒏) = 𝑨 (
𝟐

√𝟓
𝒆−𝒋𝟐𝟔.𝟔°) 𝒆𝒋𝝅𝒏/𝟐 

 

𝒚(𝒏) =
𝟐

√𝟓
𝑨𝒆𝒋(

𝝅𝒏
𝟐

−𝟐𝟔.𝟔) ,         − ∞ < 𝒏 < ∞ 
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Example 2: Determine the response of the system in example 1 to input signal 

𝑿(𝒏) = 𝟏𝟎 − 𝟓𝒔𝒊𝒏
𝝅

𝟐
𝒏 + 𝟐𝟎𝒄𝒐𝒔𝝅𝒏,         − ∞ < 𝒏 < ∞ 

Solution: the frequency response of the system is: 

𝑯(𝒘) = ∑ 𝒉(𝒏)𝒆−𝒋𝒘𝒏 =
𝟏

𝟏 −
𝟏
𝟐

𝒆−𝒋𝒘

∞

𝒏=−∞

 

 

 The first term in the input signal is affixed signal component corresponding to 

w = 0 

𝑯(𝟎) =
𝟏

𝟏 −
𝟏
𝟐

= 𝟐 

 The second term in the input signal has a frequency 
𝜋

2
 at this frequency the 

frequency response of the system is  

𝑯 (
𝝅

𝟐
) =

𝟐

√𝟓
𝒆−𝒋𝟐𝟔.𝟔° 

 

 

 the third term in the input signal has a frequency 𝑤 = 𝜋 at this frequency  

𝑯(𝝅) =
𝟐

𝟑
 

Hence the response of the system to x (n) is 

𝒚(𝒏) = 𝟐𝟎 −
𝟏𝟎

√𝟓
𝒔𝒊𝒏 (

𝝅

𝟐
𝒏 − 𝟐𝟔. 𝟔) ° +

𝟒𝟎

𝟑
𝒄𝒐𝒔 𝝅𝒏,         − ∞ < 𝒏 < ∞ 
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