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Notations & Abbrevations <ijl—aii)gcal Jaad o

a =Alpha, B =Beta YorI'=Gamma dorA= delta
6 =Theta A =lemda ¢= Eata ({=zeeta
u=Mou oor ), =Segma  mor [] =pi @ord=Fi
YorW=Epsi € =Epsilent T =tow p =row
V=caral worfl=0mega

15t = First, 2" = Second, 3@ =Third, 4™ =Fourth,

no. =Number no.’s =Numbers, +ive=positive , - ive= negative
5= such that, V= for each, J=Thereexist

w.r.t= with respect to, Lim= limit,

R= Range, Int= Intercept,

Asy. =Asymptote, V. =vertical, H. = Horizontal,
R= Set of real numbers= {x: —o0 < x < oo}
¢= set of complex numbers

=Equal = Indentical > Greater than or equal

< less than or equal = Implies — Approach

Some Trigonometric Identities

sin9=E, cost9=£ B
AB AB
tan 8 sinf@ BC
an@ = = —
cosf@ AC
AZL0 C




1 _cosH_AC

cotd =tan9 ~ sin® BC
g = 1 _AB g = 1 _AB
>eC "~ cos® AC  65€ "~ sinf BC

—1<sinf<1 and —1<cosf<1

—o <tanf <o and — oo < coth < oo=-

{sec0 <—1 orsec8d =1} and{cscf <—1orcscl =1}
sin(81 £+ 62) = sin 081 cos 62 + sin 62 cos 61

cos(81 + 62) = cos 01 cos 62 + sin 81 sin 62

tan 61 + tan 62
Tan(01 + 62) =

1 + tan 61 tan 62
sin(20) = 2 sin 0 cos 6

_ 1—1cqs2601 + cos 26
sin’@ = ~,cos* 0 =
2 2

sin(—f0) = —sin 6

cos(—60) =cos 6

tan(—60) =—tan 6

—-b+Vb2—4ac

2a

The solutionof ax? + bx+c =0 is x =

The Indeterminate forms
O %Y o o

_;_;O )100100 ,OO—O0,0_OO
0 oo

Equation of a straight line asfial) hil) dlstaa

The eq. of a st. line is ax+by+c=0

Where a, b, ¢ are constants

Circle: Is the locus of all points in plane whose distance from fixed point is

constant.



The fixed point is called the center of the circle and denoted by ¢ (h,k) and the
constant distance is called the radius of the circle and denoted by r.

The eq. of the circle with center at (h,k) and radius r is X
r?=(x—h)?+ (y—k)? o P

Note: If h=k-0, then eq. (1) becomes

r? =x?+y? > X

Inequalities <laal sidl

If a and b ate real no’s, then one of the following is true: a>b or a=b or a<b
Notes:

1. Ifa>bthen—-a<-b

2. Ifa>bthent <2
a b

Intervals < ——4a)

Defn. An interval is a set of no’s x having one of the following from:

X
(i) Open interval: a<x<b = (a, b) —@LAL/A######%—R’
a

X
. —VHHHHARAA—R
(ii) . b
(ii)Half open from the left or half close from the right: a<x<b (a,b]

(iv) Half close from the left or half open from the right: a<x<b [a,b)

Notes:
X
(1) a<x<o = a< = (a, ®)  CHHHHHH—R
a
X
(2) a<x<o0 = a<x = [a, ™)  THHHH— R
a
X
(3) w<x<a = x<a = (-o,a) i R
o
X

(4) o<x<a = x<a= (-o,4a] — IR



Absolute Value 4 ll ol d_ad 3

Defn: The absolute value of a real no. x is define as

>
M={*20 L 1xa=az

x ,x<0
Properties of absolute values A—ilhal) a il (ail_ad

1. |x.y| = |x|.lyl and = :—|

2. |=x| = |x|

3. Ix+yl < Ix[+ |yl

4. |x| <a mean —a<x<a

5. |x] <a mean —a<x<a

6. |x| >a mean x<—a or x>a
7. |x] =2 a mean x<—a or x=a

Example: Find the solution set of the following ineq’s:

3x +1
(1)‘ ‘ <1 Q)lx+1]| =5
Solu.
3x+1 3x+1
(1)‘ ‘<1=>—1< <1l=>-2<3x4+1<?2

2

1
= —3<3x<1 :>—1<x<§

€ 11
X ( ’3)
2.1x+1|=25=> x—-1<-5o0orx—1>25=>x<-4
Orx=>6

Graphs and Functions:

Defn. : The solution set or locus of an equation in two unknow consists of all

points in the plane whose coordinates satisfy the eq. A geometrical
representation of the locus is called the graph of the equation.

Ex. Sketch the graph of the following eq’s.:



=

2x+3y =6

, _{ x 0<x<1
YR l2-x 1<x<2

-x ,x<0
3. y=7 x*,0<x<1

1 1< x
4. y=|x*—1]
5. 16x% + 25y% =400
Solu.
1. 2x+3y=6

X 0<x<1
2. y_<2—x,1<xS2
—x ,x<0
3. y=<[x2 0<x<1

1 ,1<x<3

4. y=|x2—1|=[

A
N (0,2)
=
3
Yo
- X
3o
[
&
Ay N
< 2,
0 T X
y
A
% -
S v=1
:
+
a— >

x2—-1, x*=-1>0
—(x?—-1), x*—-1<0

_[ x2=1, (x—-1D)(x+1)=0
T l1-x3  (x-1D)(x+1)<0

x>—1, x<-1 or x=>1

1— x? ,

—-1<x<1




2
5. 16x% +25y% = 400 = ’2‘—5

ellipse

Defn. (Function): A function f from a set D to a set R is a rule that assigns a

2
+ =1,
16

<

0,4) Y=/x-1/

single element y€ R to each element x € D

Note: The element ye R denoted by f(x), the set D is called the domain of f,

and the set R is called the range of f.

Defn. f(x) is an even function if f(—x) = f(x)
f(x)is anodd function if f(—x) = —f(x)

Ex.

1. f(x) = x%cosx = f(—x) = (—x)?cos(—x)

« f(x) is an even function

2. f()=——=f(-x)

~ f(x) is an odd function

x%-1

sinx

o
Iy
=
X
=

= x%cosx = f(x)

_(=xH-1 x*-1

- sin(—x) T —sinx

L

f)

[=

(0,-4)

(5,0)

.
X



Note: we may define

The domain D is the set of all values of x for which y is define

The range R is the set of all values of y for which x is define

Ex. Find the domain and the range of the following functions:

1. y=f(x)=x%D:allx, Riy=0

y

A

(01)

4. y=f(x)=VxZz—4x+3
x> —4x+3>0=>D:x<lorx>3

y2=x2—4x+3 =x*—4x+3—-y>=0

4416 —4(3 —y2) 4+ .4+ 4y2
X = =

=2+ /142
2 2 + Y

~ R:ally

5. y=+2—-Vx

For v/x it must be x> 0
2—-Vx>0=2>2>Vx=2>4>x
~D:0<x<4

x=(2—-y?%R:ally



Intercepts, Symmetry, and Asymptotes
1. To find x-intercepts, set y=0 and solve fory.
To find y-intercepts, set x=0 and solve for x.

2. The locus is symmetric w.r.t. the
. X-axis (x,-y) © (x,y)
. y-axis (-x,y) © (x,y)
li. origin (-x,-y) © (x,y)

3. (i) A line x=a near which a locus goes of f to oo is called V. Asy.
(if) A line y=b near which a locus goes of f to oo is called H. Asy.
Ex. Find the domain, the range, intercepts, symmetry, and asymptotes if they exist
for the following functions Sketch.
1. y=f(x)=x3 —x, D:allx,R:ally A
(0,0), (1,0), (-1,0) are x-intercepts

(0,0) is y-intercept /\ /
Symmetric w.r.t. origin only No :/1 Vl o

asymptotes.
1
2. y=f(x)=x2_1,D:x *+ +1 i
— +1 / \
X = + y—, - > x
y (0,-1)
R:iy>0 ory<—1 r\
(0,-1) is y-intercepts

Symm. W.r.t. y-axis only
x=x1, V.Asy.
y=0, H.Asy.



Limit & Continuity) —aiuy) g Agl—a 1)

Notation

When f(x) lends to the number L as x tends to the number a we write f(x) -L
as x— 0

orlimf(x) = L

X—a
Ex.(1) Let f(x)=2x+5
Evaluate f(x) at x=1.1, 1.01, 1.001, 1.0001,......
F(1.1)=2(1.1)+5=7.2
F(1.01)= 2(1.01)+5=7.02
F(1.001)=2(1.001)+5=7.002
F(1.0001)=2(1.0001)+5=7.0002
We see that f(x)—7 as x—1
Or

chi_r)rif(x) =chi_1)r%(2x +5)=2(1)+5=7

2_
Ex. (2) If f(x) = =22, x # 2 find limf (x).
- Jn
. . x?-3x+2 _ 4-6+2 _ 0 .
limf (x) = lim === = === = - meaning less

x%-3x+2 _ (x—2)(x—1)
x—2 (x-2)

limf(x) = lim =lim(x—1)=2-1=1.
x—2 xX—2 x—2

Ex. (3) Evaluate the following limits, if they exist
V2+x-1

1. L=lim

x--1

X+ -1, x> -2

1 V2+x—1 V2+x+1 . (2+x-1)
L=1lim : = lim ——————
x—>—-1 Xx+1 V2+x+1 x—-—1 (x+1)vV2+x+1

11
2—-1+1 1+1

1
2

. 2—x
- >
2. }Cllgz_m,x 2,x=>0

o 2=x 2+V2x | (2-x)(2++V2x)
L =lim : = lim
X222 —2x 24++2x x-2 4 —2x




x—2 2(2 —x)
H.w
3. lim¥*=2 x %3
x—=3 x-—3
4_ 5.2
4, limT=ZE8 x %2
x—2 x“—4
N /a2
5. limM, X#Fa
x—a xX—a
6. ml(i—l), x # 0,2
x—>0 X \x—2 2
3/2_
7. imETL 4
x—0 X

2

(2—x)(2+\/ﬂ)_2+\/1_2+2_2

2

Theorems on Limits (Calculation Technique)

1. Uniqueness of limit

aglad) ddlas g

If limf(x) = L,,andlimf(x) =L, = L, =L,
xX—a x—-a

2. Limit of constant

If f(x)=c, c is a constant then limf (x) = limc = c.
xXx—a xX—a

3. Obvious limit

If f(x)=x then limf(x) = limx = a
X—a xXx—a

4. Limit of sum

If F0)=F100% o) £ fo(x) £...% fulx) and lim £1(x) = L,

i=1,2,..,nthen

lim £() = Hm{fy () £ o) & .. £, (0)]

= limf; (x) £ limf,(x) £ .... £limf,(x)
xX—-a xX—a xX—a

=L, +L,+

5. Limit of a product

o P Z?:l L;

If f(x) =f1(X). f2(X) . .... f(X) and ;lciircl;ﬁ(x) =L,
i=1,2,..,nthen Jlci_r)r(v_llf(x) = Jlj_r}r&[fl(x).fz(x). e fn(0)]

limf(x) = limf; (x). lim £, (x) ... lim £, ().

10



n
=Lily L= |1
i=1

6. Limit of a Quotient

If f(x) = ZE ; and llmg(x) = L, and hmh(x) =L, #0,

9 _ I 1y
then limf(x) = lim ;== limhGo) L,

Ex. (4) Evaluate the following limits

i. limxs_l,xil
x-1 x—1
(k=D +x+1) ,
}Cl_rg =1 =(1°“+1+1)=3
i lim=(———=),h=0
h-0h \x+h X
lim 1( 1 1)_1_ 1x—x—h_1_ —h
hoh\x+h  x) " hl—%h(x+h)x_hl—%h(x+h)x
S S S
hl—%x(x+h)_ x(x+0) x2
i }gn(l)”*fﬁ, h#0 (HW)

One sided and Two Sided limits (Right limits and left limits)
Sometimes the values of a function f(x)tend to different limits as x tends a
from different sides. When this happens we the limit of f(x)as x approaches a

from the right by the right-hand limit and denoted by
lim f(x) =L a

x—at

And the limit of f(x)as x approaches a from the left by the left- hand limit and
denoted by

lim f(x) =L
xX—a

11



Note from uniqueness theorem of the limit, we know that if limit exist then it is a

unique, so that

lim f(x) = L ifand only if lim, f(x)=Land lim f(x) =L
x—a x—a x—a

Ex.(5) f(x) = v/x, D:x = 0.Find
}Ci_r)r(l) f(x)=?

Since v/x is not define for —ive

Y=vx

A

Value of x, so we restrict to +ive

Value of x
Jip f G = Jlim Vx =0 =0

= lim £ (x)

(This example of one-sided limit)

EX.(6) f(x) =V1—x,D:x < —1.Find Li_r)r}f(x) =7

Since V1 — x is not define for x> 1, so we

restrict to values of x < 1
lir?_f(x) = lir?_\/l —x=V1-1=+0
X— X—
=0
= lim f(x)
x—1

(This example of one —sided limit)

Ex.(7) f(x) = lz—l Find lim f (x) =?

. X, x=0
since|x| =<_x <0
1, x=>0
KA f(x) =<_1, x < O

and

lim f(x) =

xll»rgl+ f(x) - xlggl’fl =1 x—0~

lim (-1) = -1
x-0"

12

—

\
x

A

Y=1

\

A




Since lim f(x) # lim f(x), the
x—07t x—0~

lirr(1) f(x) does not exist (This example of two-
X—

sided limit)

H.W

Ex. (8) f(x) = 2X* » = 0 Find lim f(x), lim f(x)andlimf (x)
| x| x—0+ x—0~" x—0

Ex. (9) f(x) = \/% What is the domain

Jim £, lim, £ (o), limf (o).

Soul.

D:-2<x<?2

. . V4 — x? V2= x\V2+x

lim f(x) = lim = lim

x-2" x-274/6 — 5x + x2 272 —xV3 —x
2+x 2+2

= lim\/ Y =V4=2

=2 \2+x V3-2
lim f(x) is not define, so limf(x) = lim f(x) = 2
x—27F x—2 x—2~
Ex.(10) f(x) = |x — 1]. Find lim f(x), lim f(x), andlimf (x)
x—-1t x—1~ x—>1

Soul.

fx) =|x—-1| =<_(Ecx__11)3; _ 1 i 8

_<x—1.x—120—>x21
o 1-xx—-1<0-x<1

Jimf() = lim(x-1)=1-1=0 \ N
. z
limf(x)=1lim(1-x)=1-1=0 * y
x—->1" x—-1" < >
0 1 X

im0 = Jim =11 =0

13



Limits at Infinity
We note that when the limit of a function f(x) exist as x approaches infinity, we
write lim f(x) = L.
X—00
So, we write
lim f(x) = L for +ive values of xand lim f(x) = L for —ive values of x
X—00 X——00

For one-sided and two sided limits, we have lim f(x) = L if and only if
X—00
lim f(x)=Land lim f(x)=1L.
xX—>+o X—>—00
Some obvious limits
1. Ifkisconstant, then lim k=kand lim k=k.

X—+00 X——00

2. limX=0 lim £=0 lim 1=0

x>0 X X—>+00 X X—>—00 X
. 1 . 1 . 1

3. lim-= oo, lim - = 400, lim - = —o0
x—0 X x—-0t x x-0" X

Ex. (11) Find the following limits:

. x . 1 1 1
1. lim = lim—s=—=-.
x—oo 2X+3 X—00 2+; 240 2
3. 5
5 lim 2x%43x+5 _ .. 23tz 24040 _ 2
" x>0 5%x2—4x+1  x—o005—24~  5-0-0 5
X x2
: 2x24+1 : %ﬂ%s 0+0
3. lim = lim —5—%— = =
X—00 3x3-2x24+5x-2 X—00 3——F—F——F 3—040-0
x x2 x3
2
4 lim 2x3+2x-1 _ lim 2+ 373 _ 2400 _
" x>0 X2-2X+2 xoooi->2_2 " 0-0+0
x x2 x3
That is the limit does not exist
5. lim+vVx = lim Vx = +oo0ro .
X—> 00 xX—>+00
. sinx . . Sinx ] ] sinx
6. lim (2 + ) = lim2 + lim—=but lim2 = 2 and lim =0
X—00 X X—00 x—>oo X X— 00 x>0 X

sinx

Because -1< sin < 1, then lim (2 +

X—00

)=2+0=2.

X

14



7. lim (2x+z)=—oo+0=—

X——00

8. lim( !

x—2— \x2—4

)=1=—ooand lim(z1 )=l=+00.
0 xX4—4 0

x—2F

9. lim(Vx?%+ 1 —x) = oo — co(meaning less)

X—00

JZ 1 2 )
lim(\/x2+1—x). X +1+x=limx tl-x

x—>00 VxZ+1+x oxZ+1+4x
‘x‘l?omﬂ'
= lim 9=O

x—00 \/1+ +1 2
/1+x2+1

> B _ T oo x2+2x+x
10. il_{?o(“x +2x x) ,gll?o( X+ 2x )\/x2+2x+x

. 2x . 2
= lim ——== llm—_ lim

. 2
X—00 (\/x2+2x+x) x—0 [1,2 241 x—0o V1+0+1

More About Asymptotes

Given y=f(x). A line y=mx+b is an asymptote for f(x)
(1) m=lim=2  (2)b=lim(f(x) —mx)

EX. (12) Find the asymptotes of the following functions:

x%+1
x

1. y=f(x)=x+%=
x=0isV.Asy .

yEyy? -4

x2+1=yx> x’—yx+1=0=> x= ;

No. H.Asy
Let y=mx+b be an asy .

15




x?+1

) x*+1

X

m= lim —= = lim —=% = lim >
x>0 X X—00 X x>0 X

. . x2 +1 A
b = lim(f(x) —mx) = lim —Xx y
X—00 X—00 X </
O

X +1—x° o1 %
= lim =]lim—=0
x>0 X X—oo X < >
) 0 ¥
-'-y=X|Sanasy. />

\
_ _ x2-3 o
2. y=f(x) == ) X=21isV.Asy.
x2—3=2yx—4y=x%>—-2yx+4y—-3=0
4y +.J4y? —4(4y —3) 4y+.[4y?—16y+12 4y+2/y2—4y+3
x = = =
2 2 2

X = 2y +/y% — 4y + 3No. H. Asy.

Let y=mx+b  be an asymptote .

f(x) -3 2_3 1-2 1.0 1
Y X) . 2x—4 . X" — 0 x2 L1 _ -
m_alg?o X _alg?o X _;L%2x2—4x_a}lanolo2 4 2-0 2
X

b= 1 _ x*=3 1 0 x2—3—x%+2x
= lIm(fG) =mx) = lim | =% 3% ) = In—5 =y
T Sk B _2—;_2—0_2_1
xl—glo 2x — 4 x1—>nolo 5 2_2_0_2_

X

16



Sandwich Theorem If g(x) < f(x) < h(x) and if limg(x) = limh(x) =L
xX—a xX—a
then limf(x) = L
xX—a

Ex.(13)
Find lim £ (x)if 252 < f(x) < 255
X—00 X X

- 2x+3 _ 3
lim =11m(2+—>=2+0=2
x>0 X X—00 X

~ 2x%*+5x 5
lim ———= lim (2+—>=2+0=2
x>0 X X—>00 X

=~ By Sandwich theorem lim f(x) = 2.
X—00

Theorem (1) If 6 is a measured in radian, then

sin@
lim—=1
0-0

Theorem (2) éirré 1_69059 =0

Proof: lim 1-cos6 1+cosf im 1-cos?6
——— 050 0 "1+cos® @50 6(1+cosh)
. sin?0 . sinf siné
1m = l1im LA1m
6-00(1+ cosf) 6-0 6 6-01+ cosO

= ()OO _ ()2 =2-0p.

1+cos(0) 1+1 2
Ex.(14) Find the following Limits:
a. 1lim&Z =3 lim 22 = 3(1) = 3.
x->0 X 3x—0 3x

asx—>0=>3x—0

sins5x . Sin5x
. sin5x . —  lm—
b. lim= = lim 5 = 20—
x—0 Sin3x x—0 —= lim—=
x-0 X

As x>0 =

And 3x - 0,5x - 0

. sinbdx
_sinsx MM === 5(1) 5
xo0sin3x lim S8 31 37
3x>0 3X

17



x-o- X737 x-o- XT3 x> T3
Asx >—-=>x—-—0
T
cos . SIn{5—x
lim—z = — lim (zn)=—1
x—>5 x_E x—5—>0 X—E
. tanx . Sinx sinx sinx
d. lim = lim = lim = lim
x—0 X X550 X cosx x—>0 x cosx x—>0 X
1
= =(1).-=1
( ) cos(O) ( ) 1
. sin2x . sin2x . Sin2x . 1
e. lim——=lim — = lim Jdim—
x—0 2x2+x x—>02x(x+5) x>0 2x x—>0x+5
. sin2x i
= lim : — = (1) PvEe
2x—>0 2x x—>0 x+— 0+
. .1
f. limxsin-
X—00 X
1
asx > =y= 250
X
1
o1 osing o siny
limx sin— = lim = lim—— =
X—00 X X— 00 1 y—0 y
X
g Lim sinx
' x—0 x|
. sinx . sinx nx . sinx
= lim = lim =1and lim = = lim
x—0t x| x—0t X x—0~ |x| x—0~ —X
sin sinx . sinx
Since hm I 2 lim = - lim 22 does not exist
x—0t |x| x—>0‘ x| 7 x—o0 Ix

Defn. (Continuous Function)

A function y = f(x) is said to be cont. at x=a if
1. f(a) is define

2. lim
XxX—a

18

.lim
x—0 COSX

-1




Ex.(15)

a. Every Polynomial of the form
f(x) =ag +ax + a,x*+ -+ a,x™is a cont. for all x
1
b. f(x) = *
x+3 . . _
c. f(x)= 50T F(X) is dis count. at x=5,-2

sinx

d f(x )——f(x) is dis count. at x=0

f(x) is cont. at x=0

x2+x—6 2
x2—4 ,x *
uy<: g
f(x)is cont. at x=2
Derivatives <l—a il

lim f(x+Ax)—f(x)
Ax—>0 Ax

differentiable at x) and denoted by

exist and define, we call it the derivative of f at x (or fis

ay df . That is

dx’

oy o Gy _df f(x+ Ax) — f(x)
FO=y =5~ A, A x#0

Rules of Derivatives BLALEY) o) gd
Rule (1) If y=f(x)=C, where C is a constant, then Z—z =f'(x)=0

Rule (2) If is +ive integer and y=f(x)=x", , then

! _dy_ n-1
frx) =" =nx

19



Rule (3) If f(x)=c u(x), where c is a constant and u(x) is a differentiable of x then

) = o dy _ du
f'(x) =cu'(x)or = C—
Rule (4) If ui(x),i=1,2,3,...,n are differentiable functions of x and
f(x) =u (x) £ u,(x) ... £ u,(x), then
fre) =u'1(x) £u',(x) .. £ U’y (x).
Rule (5) If y=f(x)=u(x).v(x), where u(x) and v(x) are differential functions of x,

then f'(x) = u(x)v'(x) + v(x)u'(x)

Or
Y 0.2+ v
dx e TV
Rule (6) If f(x) = %,v(x) # 0 Where u(x) and v(x) are differentiable

functions of x then

du dv
v)u' )-uv'(x) dy _ () uw) g,
[v(x)]? dx @]

flx) =
Rule (7) If f(x)=[u(x)]™ where n is +ive integer and u(x) is a differentiable

function of x, then

du

d
£100) = nlu()™ ' (Wor — = nlu()]"

14
q

f10) = g ()] u' (%)

Implicit Differentiations: (—i—a—all F—a_aY)

Consider the function defined by the eq.f(x,y)=0 which may or may
not be solved for y in terms of x.

For example y — x3 + 2x — 5 = 0 can be written as

y=x3—2x+5and%=3x2—2

While y° + 4x2y? + x3 — 2 = 0 cannot be solved for y in terms of x
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Implicit differentiation enables us to find the derivative of such functions

whenever they exist

Ex. Find 2ify* — 3x’y + x° = 5

3y? ——[Bx —+y(6x)]+3x =0

d
3y? —y—3x ——6xy+3x =0

dx dx

2
d d 3(2xy—X Dy —
(3y2—3x2>—y=6xy—3x2=>—y= ( ): Xy
dx dx 3(y2_x2) y2 — x?2

The Second and Higher Derivatives

Given the functions y = f(x). The derivative

y' =f'(x) = Z—z = ﬂ is the 1% derivative of y w.r.t x and

" " 2
y =f )= 373; =% f — is called the 2" derivative w.r.t x

Thus the second derivative is the derivative of the first derivative. That is
d’y d dy
dx? "~ (

In general, if y=f(x) is a differentiable function of x, then the n™ derivative of

y w.r.t. X is denoted by:

FO(x) = y® = LY

dxm

— (23 — 112 Eind & and &2
EX.If y=(3x>+2x—-1) .Flnddxanddx2

Solu.
d 1 1
% =S+ 20— 1)72 (92 +2)
dy 1 1 1 _3
= —(3x3 + 2x — 1)72(18x) + (9x% + 2) ——(3x3 + 2x — 1)72(9x% + 2)

EX. If y = 3x* — 543 +6x—7F|ndydydy dn—y

dx?’dx3’ """ dxn
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Solu.

d
—y = 12x> - 15x* + 6
dx
d?y d3y d*y
d7_36x — 30x :>d__72x_3():>ﬁ_72
d’y d6y _dhy
dx5  dx5 dxn
H.w

d
Ex. If x2 —y2 = 1 Show that — = ~and &2 = —
dx y

o — ., dy
2 2\=5 —
Ex. Ify = (2x* = 5x7%)™>. Find X

d
o —5(2x2 — 5x72)7%(4x + 10x73)
dx
H.w
(x%+x+1)3
Ex. Find — [W]
H.w
2x3+43x-1
EX. Flnd f T
H.w

EX. Flnd Lfy = x*+2)(x3*+3x+1)

Chain Rule and Parametric Equations
Chain Rule If y is a function of x, say y=f(x) and x is a function of t, say x=g(t),

then y is a function of t and
dy dy dx

How we obtain eq.(1)
Since
y = f(x)and x = g(t),then

= flg®]and 2 = f'[g()].9'(®),
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Butx = g(t) and% = g'(t)

dy

dx dy dx
then It =f'(x).—/—= —

dt — dx dt
EX. Ify=x3—2x2+3andx=t2+2.Find%att=2

Solu.
dy dy dx _ 5
Whent=2=x=(2)?+2=6
dy
— = [3(36) —4(6)] = (108 — 24)(4) = 336.
dtle=;
Or

Sy =({2+2)3-2(t?+2)*+3 = % = 3(t% + 2)%(2t) — 4(t* + 2)(20)

dy

f—|  =3(36)(4) - 4(6)(4) = 336.

t=2

Parametric Equations

Sometimes, we may describe the curve by expressing both coordinates as
functions of a third variable, say x = g(t) and y = f(t)

These two eq’s are called the parametric eq’s. for x and y and the variable t is
called a parameter.

Ex. Determine an equation in x and y of the following paramedic’s eq.’s and

then find &
dx

1= _l a1
a y_t’x_t:> _x:>dx_ x2
— 2 4=
b y—t,x—l_t
t
x=ﬁ:}x—xt=t:’~x=t+xt:>x=t(1+x)
X x5 dy _ x N\ x+1l—x
»t=15+Y=G® = &=2DGn)
dy 2x
dx (x +1)3

Cc. y = 2sint ,x=3cost
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Y

. X . 2 2 y2 x?
smt=2, cost:§=>sm t + cos t:T-I_?:l

Zydy 2x ydy 2 dy 4 x
2ot 9T T T T T T Yy

5(4 — t2) 5(4 — t2)
Dy=——pm "~z

25(4 — t?)? 400t 25(16 — 8t* +t*) +400t?

2 2 _
+x?% = + =
VY T TG T @+ ) (4 + 2)?
_25(16-8t2+t*+16t%)  25(16+8t2+t*)
N (4+t2)2 T (a+t2)?
_ 25(4 +t%)?
(4 +t2)?

nyl+x2=25=2yy' +2x=0>y =—

H.w
)y=t>x=t—1 (f)y = 2 + 2sint,x = —t + 2cost
() y = 3tant, x= 4sect (h)y = sindt, x = cos3t
Ny=t?+t—1,x=t2+2t+3 [y, - 3@ _ 302-0)
0y 16t2+8 ' X 6t2

Derivatives of the parametric Eq.’s
The 1% derivative if y = f(t) and x = g(t) ,then

d
dy _ G _dy de _dy dydt

dx dx de'dx  dx dt dx
@t

Ex. Ify=t2-1 andx—2t+3F|nddy dxandd

X

Solu.
d_y=2t, d_x= ,d—yzd—y.£=(2t).l=t
dat dat dx dat dx
But
x=2t+3:>t=ﬁ.-.d—yzx_3

2 ' dx 2
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d 1
dy 1 dx 1dy_dydt_d—)t]_1+t_z
de ~ t¥dt T t?’dx dt'dx dx ;_ 1

dt t2

1

dy t*4+1 dy t+7 «x

o — = = — = —_

dx t?2—-1 dx t—l y
t

Or

2

1\° 1 1 1
yz—x2=(t——> —(t+—> =t -2+ -t*-2—-—
t t t2 t

dy dy
aylox?=—4=2y—=—2x= 2y—=2
y X = ydx x=0= ydx X

dy  x
Tdx y
The 2" derivative:
d
d’y dydyy 1 d d_)t/
dx? dx(dx) ~dx'dt| dx
dt dt

1 (@@

ﬂ dx
ar &)

d’y (%) ' (Z%) B (%> ' (%)

dx? dx\>
(m)
Ex. Ifx=t—t%y= t3F|nd and whent2
Solu.
t t2=>dx—1 2t:>d2x— 2

x= dt dt?

dy d*y
y=t—t3=>-—"—=1-3t>? > —==—6t
Y dt dt?
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dy 2
dy _de _1-3t2 _dy) _1-12_11
dx dx  1-2t dxle, 1-4
dt
(@) (7) - (@) ()
d*y \dt) \dr2 dt ) \de?
dx? dx\>
(@)
d’y (1-2t)(=6t) — (1 —=3t*)(=2) —6t+12t*+2— 6t?
dx2 (1—2t)3 B (1—2¢t)3
_6t2—6t+2:>d2y 6 —-6()+2 24-12+2
(1—2¢t)3 dx?|,_,  (1-4° (=3)°
_ 14
Y
Or
2 2 i 2
Ly _dby_d (1230 g (1-3
dx? dx\dx) dx\1-2t dx \ 1-2t
dt
(1 —2t)(—6t) — (1 —3t%)(-2)
_ (1 —2t)?
B (1-2t)
6t2—6t+2 d%y 14
_ N _
(1-2t)* ~dx?|__,  -27

Note The chain rule can be extended to many variables In general: If y=fi(t;),
t;=f,(t2), t=F5(t3),..,
th-1=fa(tn) ,ti=f(X), then
dy dydt; dt, dt,_, dt,
dx dt;dt, dt;  dt, dx

2
Ex. Ify = x3 + 2x% + 3x — 4 Find 2%
Solu.

Letu = y? and v = x?

dy? _du _dudy dx _ 2 1
o e  dyax s 2y)(3x* + 4x + 3).2x
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Ex. Ify— Flnd ‘/_

Solu.
Letu = \/yand v = Vx

2 —
M_du_du dy dx 1 <(x + 1)(1) x(2x)>.2\/§

d\/}_dv_dy'dx'dv_z\/}' (x2% 4+ 1)2
Ex. Find 22511
Solu.
Letu =vVx2+1landv = x3
du du dx 2x 1

dv _dx dv 2\/x2 + 1 3x?2
Indeterminate Forms:
The meaning Less %g 0°,1%,000, 0.00,00 — 00 are Known as indeterminate

forms
Sometimes the limit lim £& pros produce or = when substituting x=a
x-a co
For example:
2_ -
limX=t =220 Meaningless so the solution is
x—-2 X—2 2-2 0
x?—4 (x—2)(x+2)

}clirzlx—zzalcl—rg o= 2) =}Cl_r)r21(x+2)=2+2=4.

L’Hopital’s Rule (First Form) Jw—iag sasl_8
Suppose f(a)=g(a)=0 or oo and f'(a), and g’ (a) exist with g’(a) # 0. Then
f&x) . f'(a) f'(a)

lim im
x—-a g(x) x-a(g (a) g (Cl)
EXx.
2
a) }CI_I)I% — = }CI_I)I%—_ 2(2) =4 .
. oox=2x® .. 1-4x _1-0 1
b) }CL% 3x245x%  rn06x+5 045 5"
) lim 2= jim2=2=7>

27



L’Hopital’s Rule (Stronger Form)
Suppose f(a)=g(a)=0 or co and the functions f and g with their derivatives are

continuous in some interval I.

To find lim %,we proceed to differentiate f and g as long as
xX—a

We still get the form % or 2 . but we stop the differentiation as soon as one or

other derivatives is different form 0 or oo at x=a
Note
L’ Hopital’s rule does not apply when either numerator or denominator has a

finite non- zero limit

Ex.
) x3-3x+42 : 3x3-3
a) }cl_r}} x3—x2—x+1 x—2 3x2-2x-1
lim 6x _ 6(1) =9=§
x->16x — 2 6(1)—2 4 2
1+ -1 -1 1 1+ —1/2_1
b) lim 2 = 2D "%
x—0 X x—-0 2X
1 _
y —z (1 +x)73/? 1
Ay 2 -8
. 2x3—x2%+43x+1 . 6x%-2x+3
C) lim T3io2 o . — lim 7 .
x—o00 X°+2x°—x-—1 x—o00 3x“+4x—1

-2 1212
e ex+4 6 6
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“Transcendental Functions”

Trigonometric Functions

Theorem (1): if y = f(x) = sinx then % = f(x) = cosx

Proof
Let h = Ax
) = 1 f(x+h)—f(x)_1_ sin(x + h) —sinx
f) = h h = oo h

_ sinxcosh + cosxsinh —sinx
= lim

h—-0 h
= him h
_ i —sinx (1 —cosh) cosxsinh
B hl—%[ h * h

_ ~ 1—cosh ~ sinh
= —sinx lim ————+ cos x lim
h—0 h h—0

= —sinx (0) + cosx.(1) = cosx.

Theorem (2): if y = f(x) = cosx ,then % = f = —sinx

Proof
Leth = Ax
) = 1 f(x+h)—f(x)_1_ cos(x + h) —cosx
fo) = h h = 1o h
~ cosxcosh —sinxsinh — cosx
= lim
h—0 h

. —cosx(1—cosh) sinxsinh
= lim| —
h-o0 h

. —cosx(1—cosh)
= lim[ — lim ———]

h—0 h h—0 h
1—cosh sinh
= —cosx lim———— — sinx lim =1
h—0 h h—0 h
= —cosx (0) —sinx (1) = —sinx .
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Theorem (3)

(DIfy =tanx then Z—z =sec®x

d
(2)If y = cotx then ﬁ =— 2x
d
(3)If y =secx then é = secxtanx
d
4If y=cscx then ﬁ = —cscxcotx
Proof (1)
sinx dy cosx.cosx —sinx (—sinx)
y =tanx = = — = >
COS X dx COS“ x
dy cos?x+ sin?x 1 5
— = = = sec x .
dx cos? x cos? x

Now, if u=u(x) is a differentiable function of x and

. d du
1. y=sinu then 2 = cosu.—
dx dx
d . du
2. y=cosu then 2 = —sinu.=—
dx dx
d du
3. y=tanu then = =sec?u.—
dx dx
a du
4. y = cotu then = = —csc?u.=—
dx dx
a du
5. y=secu then 2 = secutanu.—
dx dx
d du
6. y =cscu then = = _cscucotu. —
dx dx

Ex (1) find 2 of the following

(1)y =sin(x? + 2x — 5) = Z—Z = cos(x? + 2x — 5). (2x + 2)
= 2(x + 1) cos(x? + 2x — 5)
— win2(a2 4 L YW 9einlx? + = 24 1 _z
(2)y = sin“(x“ + xz) == 2sin(x“ + xz).cos(x + xZ)(Zx x)
(3)y = tan(2x).cos(x? + 1)

d
é = —tan(2x) sin(x? + 1)(2x) + cos(x? + 1) sec?(2x) .2
(4)y = tan—3(3x? + sec? 2x)

é = —3tan"*(3x? + sec? 2x).sec?(3x? + sec? 2x). (6x

+ 2sec2x sec2xtan2x.2)
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sec[sin(2x+1)]

(S)y = tan(x3+1)
dy tan(x®+ 1) sec[sin(2x + 1)].tan[sin(2x + 1)].cos(2x + 1)2
dx tan?(x3 + 1)

— sec[sin(2x + 1)].sec?(x3 + 1).3x?
tan?(x3 + 1)

Ex. (2) Find - [sec™?(x? + 2x) — tan?( 3x)]
= —2sec™3(x?% + 2x) sec(x? + 2x) tan(x? + 2x)(2x + 2) — 2 tan(sin 3x)
sec?(sin 3x).cos(3x).3

Ex(3) Find 2 if x* + 5x — tan?(xy) = 10

d
2x + 5 — 2 tan(xy) sec?(xy) (xd—i] + y. (1)> =0

dy 2x+5— 2ytan(xy) sec’(xy)

dx 2x tan(xy) sec?(xy)
Ex. (4) Find the equation of tangent to the curve xsin2y = ycos 2x at
point (2, %)

Soul.

dy . . dy
2x cos 2y. ax + sin 2y = —2ysin 2x + cos 2x T
dy

2x cos 2y. % — COS ZxE = —2ysin2x — sin 2y

d
(2x cos2y — cos 2x) d—i] = —2ysin2x — sin 2y

dy  2ysin2x +sin2y

dx t t at ,
dx cos2x — 2xcos2y of tangent at any p (x,y)

dy . A A
m=—atx=— ,y=—
dx 1YV T7
2(%) sin§+sinn _ m(1)+0

Vi TT - 71'
COSE_Z(Z) COST O_E(_l)

Is m=
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is the required eq.

Ex. (5) If f = sinx? and y = f (22 find 2.

Soul.

_ (21 dy  2x+1 (+ D) - 2x+D(D)
y_f(x+1>$§_f(x+1) (x + 1)2

dy 1  ,n2x+1y 1  2x+1

dx  (x +1)2 (X+1)_(x+1)25m(x+1)2'

2
Ex. (6) If y = tan3(sin 2x) find % chain rule

dy?> du du dy dx

dx?  dv  dy dx dv
1
= 2y[—3 tan"*(sin 2x) sec?(sin 2x) cos(2x). 2].5

Ex. (7) If y = sec2t and x = csc 2t fmd— andﬁ att="7"

dy
dy qr _ 2sec2ttan2t

- = — — _ 3
dx dx —2csc2tcot2t tan” 2t
dt
A= Ze )= -3 = -3V
dx 6 3
d’y d /dy di —3tan? 2t.sec? 2t.2
—=—(—> = —t(—tan3 2t) =
dx? dx\dx/ dx —2 csc2tcot2t
dt

= —3tan* 2t sec 2t

% = —3tan* (g)sec( )=—3(\/—) 2= -
m
‘76
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Ex. (8) evaluate the following limits:

1 sin3x _ .. 3cos3x _ 3cos0 _ 3
" x50sin5x  x—05c0s5x 5cos0 5
sin 2x 2C0S 2x 2cos0
2. 1 = lim = =2
x—02x%24+x  x—0 4x+1 0+1
. tan3x . 3sec?3x . 3sec?o0
3. lim— = lim = lim =3.
x—0 SInx x>0 COoSx x—0 ¢CosO0
.  Xx-sinx . 1-cosx . sinx
4., lim = lim = lim
x—0 x3 x—0 3x2 x—0 6Xx
I cosx cosO 1
= lm = —_= - .
x—0 6 6 6
. 1 1 )
5. lim ( — — —) = oo — oo meaningless
x—0 \sinx x
~ x—sinx 1—cosx
= lim—— = lim .
x-0 xsinx x-0x cosx + sinx (1)
1—cos(0) 1—-1 O nal
= - = = — meaningless
0+sin(0) 0+0 0 g
y sinx sin(0) 0
m = = =
x—0 0+ cos(0)+cos(0) O0+1+1
=0.
. sinx? 0 .
6. lim—— = - meaningless
x—=0XxSinx 0
_ cos x2 (2x) 0 ,
= lim = — meaning less

x-0xcosx +sinx.(1) 0

~cosx?(2) + 2x(—sinx? (2x)) 240 2
lim - ===1.
x-0 —XxSinx + cosx + cosx 0+1+1 2
/. lim(secx —tanx) = o — o0

xX-=
2

_ 1 sin x - 1-—sinx
= hm( — = lim ——
x—% COSX COSX xﬁ% COS X

s

~ —cCoSsx . _cosx COS7m 0
=11rr71T - =11rr11T - = z=-=0.
x—g —SInX Rt sinx sin 1

The Inverse of Trigonometric Functions
Defn.
(1) For -1<x<1, we define the no. y = f(x) = sin~* x for which
A A .
—SSYS3 and x = siny .
(2) For -1<x<1, we define the no. y = f(x) = cos"1 x for which
0<y<m andx=cosy .
(3)For —oo < x < o, we define the no. y = f(x) = tan"1x for which

—§<y<§ and x =tany

33
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(4)For —oo < x < o , we definethe no. y = f(x) = cot™tx for which
O0<y<m andx=coty.
(5)Forx < —1 or x = 1, we define the no. y = f(x) = sec™! x for which

—nSy<—§oroSy<§andx=secy

(6)Forx < —1 or x > 1, we define the no. y = f(x) = csc™ 1 x for which

A
— < —= =
mT<ys -3 , and x =cscy .
y
y
A A
y=sink T y=cos'x n
2
X X
- T > - 1 >
V[
2
v \
y=sec Xy ﬂ‘
ya " R E A
_____________ 2
T
- N - >
-1 2 1 1 X
y=cot” x k/
-t > x e
\ _E
\/ L
v
1

o 1 N
Note: sin"1x # — , (sinx)™1 =
sin x

= CsSCXx.

sin x

- x

Some Important Properties of The Inverse of Trigonometric
Functions:

(1) sin"!(—x) = —sin "l x
(2) cos™}(—x) = m — cos™?!
(3)tan !(—x) = —tan"lx
(4) cot™1(—x) = —cot 1 x
(5)sec™i(—x) =m —sec™?!
(6) csc™(—x) = —csc71x

X

X

34



7)sin"'x =2 —cos™ 1 x
™ 2

(8)tanlx = % —cot™1x
(9)sec™tx = % —csclx

(10) sin"tx = csc™?

=
RIH}(“_\R'H

(11) cos™tx = sec™
(12) tan" 1 x = cot™?!

(13) sin~(sin x) = x

(14)
Proof (1)
Proof (2)
Lety=cos }(—x) = —x=cosy=x=—cosy =

x=cos(m—y)=>nm—y=cos lx=>y=m—cos 1x.

Proof (3)

Lety=tan"}(—x) = —-x=tany=x=—tany
= x=tan(—y) =>-y=tan lx=>y=—tan 1x.
Proof (7)

Lety=sin‘1x=>x=siny=>x=cos(§—y)=>§—y=cos‘1x

r -1
=y =_—rcos " x.
Proof (10)

Lety =sin"!x = x =siny = x =

1
— — = CSC
cscy x y

== cos”'(3)
y=cos™(—).
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Proof (13)

Lety = sin"!(sinx) = siny = sinx = x = y.

Ex. (1) Ife = sin‘lg find cos0,tan@,cot0,secO and cscO

Soul .
V3 V3 T
= qj -1__ — = qj = —
6 = sin 2=>2 sing = 6 3
T cosbr and
cosg—cos > and so on ....

Ex. (2) Evaluate
1
—=)
V2

1 T
(3) tan(sin1(— E) ) (4) sin(sin™1 §)

1

(1) sin(cos™ (2) sec(cos™! %)

_ -1 1 1 _ _r
. Let 8 = cos \E=>\/E—cos€ =>t9—4

1

. -1 1 . . T
So  sin(cos \/E) =sinf = sin =

al-

. Letezcos‘lé =>%=cost9 =0 =

So  sec(cos™?! %) = sec(9) = sec(g) =2.

w3y

. Let0:sin‘1(—%) =>sin¢9:_71 :>9=_%

in~1(—1 = — L P

So  tan(sin™( 2)) tan(0) = tan( 6) tan - 5
in(sin~1 %) =%

. sin(sin 3) S

EX. (3)So|vef0rxiftan‘lx—cot‘lx=§

Soul .

I m /i m
tan‘lx—(E—tan‘lx) =— =>tar1‘1x—§+tan‘1x =7
= 2tan~! _n+n_3n

MW YTI T
= tan! _3n=> =t 5
an”"x = ¢ x = tan—
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3n . 3m . T T
3m Z sin—~ sin(z + 7)
x=tan?=tan(2)= T —
1+ cos 1+cos(z +7)
T 1
_ COSZ _2 _ 1
1-siny 1-L V2-1
V2
X sin x 1-cosx
Notes- tani " 1+cosx  sinx

Derivative of The Inverse of Trigonometric Functions
QY ) gall (o gSaa ABiiia

Theorem:

(D)Ify =sin"1x then Z—i = \/%
(2)If y = cos™1 x then Z—z = \/1___19(2
(3)If y =tan"1x then % = 1+1x2 :
(4)If y = cot™ 1 x then % = 1;152 .
(5)If y = sec™ x then Z—z = - 9512—1 :
(6)I1f y = csc™1 x then Z—zz x\/%.

Proof (1) y =sin"'x = x =siny = 1= Cosy%

dy 1 1 B 1

dx cosy [1—sinZy Vi—x2
Proof (2) y =cos™'x = x =cosy = 1= _sinyz_i’

dy -1 1 1

a_Sin)’__\/1—coszy_\/1—xz .
Proof 3)y =tan"'x = x =tany =1 =Sec2y%

dy 1 1 1
dx sec’y 1+tan?y 1+x2°

37



Now, if u=u(x) is a differentiable function of x and

. dy 1 du
1. y=sin"tu then = = ——
y dx Vi-u?dy
— dy -1 du
2. y=cos u then = = ———
y dx vi—ul dx
_ d 1 du
3. y=tan"lu then == —
dx 1+u? dx
- d -1 du
4. y =cot™lu then == —
dx 1+u? dx
— dy 1 du
5. vy =sec lu then = = ———
y dx uvu?-1dx
— dy -1 du
6. y=csc lu then = = ———
y dx uvu?-1dx

Ex. (4) Find % of the following functions:

I ) i d_y — (2x+3)
Qy=sin""(x*+3x—-1) = PP vy
= x2tan~! 9 _ 2 L -1
(2)y = x%tan \/§=>dx—x o T 2xtan Vx
- 10,2 -1 ay _ _ 1 3
(3)y =cos™ " (x“ +tan" 3x) = — NecaTarrk (2x + 1+9x2)
(4)y = sin®(sec™! 2x). cot‘l(i)
d -1 1 1
d_y = sin?(sec™! 2x) — <— —2> + cot™1(-). 2 sin(sec™! 2x)
X 1+ ()2 X X
X
-1 2
cos(sec™ " 2x) o o

tan?(3x2+ 1)]
sin—1(x2-1)

Ex. (5) Find =

sin~!(x2-1).2 tan(3x2%+1) sec?(3x2+1)(6x)—tan?(3x2+1) (2%)

_ /1—(952—1)2

a [sin=1(x2-1)]?

- 3
Ex. (6) If y = sin"1(C0) find —2

dsec2x

Letu=y3 = Z—;‘=3y2

v
v = sec2x=>a= 2sec2xtan2x
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+DA) - x-DHD)
dy?>  du du dy dx_32 (x +1)?

dy dx’dv 1—x,
=G5

dsec2x dv dy'dx'dv ‘2sec2xtan2x’

— sin-1 — cos—'t.Find 2 Ty =1
EX.(7)Ify=sin""t and x = cos™ " t.Find o and Tz att ==

B 1t:)dy_ 1 _ 1t:}dx_ -1

N T
dy

dy dr 2y

dx - dx - Ttand 72=0

H.W
Ex. (8) Show that the functions

f(x) = sin‘l(i " i) and g(x) = 2tan"1/x

Have the same derivative.

Ex. (9): Evaluate the following limits:

sinT1x

D lim ——=mF==1-
3
(2) lim 2tan~13x — lim ey _6
x—0 5x x>0 5 5
1 (1+x?)(0)-1(2%)
(3) lim tan”" x-x = hmﬂ = lim (1+x2)2
x>0 X7 x—0 3x? x—0 6x
__—2x (1+x2)2(=2) = (=2x)2(1 + x?) (2x)
14 x2)2 1+ x2)4
x——-0 6x X—0 6
-2-0
_ 1 _~-2_ 1
=—1l-=—=—
H.W
)] [T i e N V. J§ LA g DR
x-0 X
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The Logarithmic Function
doal e glty Ay

The logarithmic was discovered by a Scottish Nobleman John Napier (1550-
1617)
y = f(x) =logy,x © x = bY where yisthelogarithm

X is the number

b is the base
If b=10, we write y = log,ox ory =logx
If b=e =2.7183, we write y = log,x ory =Inx
In read natural logarithm (k) &3 jle )

Relation Between The Logarithm and The Natural Logarithm

Lety =log,x & x =bY = lnx=lnby=ylnb:>y:ln—x

Inb
Inx
S0 logpx =~
Defn. For x>0, we define Inx = 1’(%
y
YA . A
- /.
= 0 > x 0 /1,0) X
\/ \j
X=0

Properties:

1. In(a.b) =Ina+1Inb

2. In(3) = In(a) — In(b)

3.In1=0

4. Ina” =rina wherer = s q and # 0 to are integers
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Proof (1)

a.b dt a dt a.b dt a.b dt
ln(a.b)=f <_ _+j _zlna+J dt
1 t 1 t a t a t

Letu=£=>au=t=>adu=dt

ab gt badu b du
f R L YO
Lt ), at ) u

In(a.b) =Ilna+1Inb

Proof (2)
_a _a o a
a= E'b = In(a) = ln(g.b) = Iln (E) + In(b)
— In (%) — In(a) — In(b) .
Proof (3)

a a
1=—=>1n1=1n(—)=lna—lna=0.
a a

Proof (4)

1 p 1
Letu = ad thena” = a1 = (a?)? = u?

Alsoa" =uP = Ina” =Inu? =plhu ———-(1)

1
u=ai=a=ul =>1na=q1nu=>$1na=lnu----(2)

From (1) and (2)

Ina" =p.—Ina =Blna =rlna .
q q

Derivative of The Natural Logarithm Function
(al) Al LS gl Ay A8idia

Theorem:
— — W fa) =12
Ify=f(x) =Inx then dx—f(x)—x
Proof:
y_4 )—dfxdt—lb dumental th lcul
T = g nx) = T = (byfundumental theorem of calculus)
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Now, If u=u(x) is a differential function of x and

_1 h dy 1 du
y=Inu then ——=—.—— .

Ex. (1) Find % of the following functions:

3x2+4x-3
(x3+2x2-3x+5)
_ -2 .2 dy _ (=2x73+6sin3x cos 3x)
(2)y =In(x™“ +sin“3x) = — = P
(3)y = sin"(Inx).In(sin"! 3x)
3

1y=ln(x3+2x2—3x+5)=>d—y=
dx

—_— 1
y . V1 —(3x)? — x
— =sin""(Inx) .——————+ In(sin™ " 3x).
dx sin~1 3x [1T= (Inx)Z
(4)y = In[In(sec? 2x + x sin™1 x)]
dy 1 1
dx  In(sec? 2x + xsin~1x)] sec? 2x + xsin~1 x
(2 sec2x.sec2xtan2x.2 + + sin™? x) :
1 —x?
3 1 4
Ex. (2) If y = ZEHDEIICDT fypq B

(x2+2)2
3 1 4 5
Iny = Elnx + Eln(3x +2) + §1n(x2 +3x—1)— Eln(x2 + 2)

ldy 31+1 3 +4 (2x + 3) 5 3x?
ydx |2x 20Bx+2) 3(x%2+3x—-1) 2x2+2)|

3 3
2 F(v2_1\7 —1/a:
Ex. (3) If y = &A@ DR tan (In20 gy g &

(x2+4)3 sin—3 2x dx

3 3 2
Iny = E1n(x2 +1) — Eln(x2 — 1) + In[tan~!(sin 2x)] — §ln(x2 + 4)
+ 3 In(sin 2x)

2 cos 2x
1 3 2x 3 2x 1 + sin2 2x 2 2x COS 2x

—v=1[= _— — 6
yy [2 (x2+1) 2(x%2-1) * tan~1(sin2x) 3 (x?+4) * sin 2x
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Ex. (4) Flnd of the following functions:

(1)y:xsmx
1dy sinx
Iny =sinxlnx = ——= + cosxInx
ydx X
dy sinx . [sinx
a=y[ + cosx.lnx] =xsmx[—+cosx.lnx].
2y =(OUnx)*=Iny =xIn(Inx)
Ly L .
- - = -
ydx xlnx n(nx). (1)

1
A — x|
ﬁdx y[lnxl+ ln(lnx)] (Inx) [lnx+ln(lnx)]'
(3)y = (tan™ x)+%1
X sin x

_ ~1
=>lny—x2+1.1n(tan X)
= In(Iny) = Inx + In (sinx) — In(x? + 1) + In[In(tan™ x)]
1 1dy 1 cosx 2x 1 1

Iny ydx _x+ sinx (x2+1) +1n(tan‘1x)'1 + x2°

Ex. (5) Evaluate the following limits:

1
- . 1 1
(1)lm——lmi lim-===0.
x—oo X x—oo 1 x—00 X (o)
2 4
In(142x)-2x . - . (A+2x0)2
(2) lim —( J72X — im B2 = |y 202 = )
X—>0 x—-0 2x x—0 2
11
In(In x Thax . 1
(3) lim 2829 — }iy Inxx = jj L= |
X—00 Inx X—00 ; X—00 In x

Ex. (6) solve for x if 3* = 2*+1

Soul.

Take logarithm of both side
xIn3=((x+1)In2=xIn3=xIn2+1n?2

xIn3—xIn2=In2=x(In3-In2) =1n2

B In2
" In3—-In2"
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The Exponential Function —A——u¥) dlla)

Defn. The exponential function is defined as an inverse of natural logarithm, and
denoted by exp or e.

This is:

For —oo < x < oo,we definey =f(x) =e* = x=Iny,0<y < o,

Properties
y
(1)e=2.7183 A )
(2)e*tY = e*.eY y=e
x-y = &
(3)e ey —10,1) y
(4)elnx = x - 0 >
5)Ine* =x
\/
Proof (2)

Letu=e*=x=1Inu
Letv=e¢Y =y =Inv
x+y=Inu+lnv=x+y=In(wv)
= u.v=e*V = e¥ ey =¥V,
Proof (4)

lety =el™ = Inx=lny = x =y = el"*,

Proof (5)
Lety =Ine* = e =e*=x=y=Ine”*.
Ex. (1) Simplify the following expressions:

(1)e2 =2
(2)eln(x2+1) — (xz +1)
(3)lne 13 =-13
(4)In eS"* = sin x

(5)In(%) = Ine? —In5 = 2x —In5

3
(6)eln2+3lnx 1n2_e31nx — Zelnx — 2x3

= e

(7)62x+1nx — er_elnx — erx
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Ex. (2) Solve for y if
UIn(y—1)—Iny =2x

-1
ln(y—l)—lny=2x=>ln(y ) = 2x
-1
:>yT=ezx=>y—1=ye2x=y(1—ezx)=1
1
Yo e

2)Iny—-1)=x+Inx
=y—1=¢e*. 0¥
= y=xe*+1.
Derivative of The Exponential Function
PR\ { I S (S

Theorem

d
If y = e* then = = e*
dx

Proof
s _ _ldy dy
y=e :x-lny:l—;a:a—y—e .
Now, if u(x) =u is a differentiable function of x and y = e* then Z—i = e”.Z—z.
Ex. (1) Find % of the following functions:
(1)y = eX’+sin2x — Z_Z = X +siN2X (2% 4 2 cos2x).
2)y = ptan™ 2x+lnx _ . tan™'2x Z_Z — yetan™? 2x_ﬁ 4 ptan™'2x
Z_ﬁ — (1 fzxz + 1)etan_1 2x
(3)y = tan~}(e?) = & = 2

(4)y = e5¢*.sece* = Z—z = e5%“* sec(e”).tan(e*) e* +

secx

sec(e”).e secxtanx .
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desi “ty

Ex. (2) If y = (sinx)®* find

-1
Letu=e5"" Yandv =1lnx

-1

deSn Y _du du dy dx
dlnx dv dy dx dv

sin-1 du sin-1 1 dv
u=eMm V—o—=eSIn Yy v=lhx=>—=
y = (sinx)®* = Iny = e* In(sinx)

ldy xcosx_l_1 _ X

yax [e Y n(sinx) e*]
dy .
i y[e* cotx + e* In(sin x)]

d_ic] = (sin x)ex[ex cotx + e* In(sin x)]
1 in~1

desin‘ y esSin 'y

= .(sinx)¢" [e* cotx + e* In(sinx)]. x

dInx [1—y2
Where y = (sinx)®* .

Ex. (3) Evaluate the following limits:

x x ex eoo
() hm—— lim — = lim—= lim&> == .
—o0 X3 x—00 3x2 x—o0 6X x—oo 6 6
x3 x? 6 6 6
(2) lim = = limZX = limZ=lim2=2=2=9.
X—00 ex x—o00 e* x—)oo ex x—o0 e¥ e*® (o]
—2x xX_2 . 4e?* 4e0 4
(3)11m——11 = lim = =-=4
x—0 1—cosx x—0 Sinx x—0 COS X cosx 1
1 1 1
~ln Inx
(4)lim xx = lim e™** = limex "~ = lim —
x—-0 x—0 x—0 eX->0 X
1
X ©
=11m—=el =eoo=00 .
x-0 1
L % limln(1+x) limL
(G)lim(1 + x)x = lim eM+)* = x50 x = exvot+x
x—0 x—-0

1
e1+0 = el = ¢ = 2.7183.

(6) lim (1 + ) = e H.W
X —00
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e?*-1
e?*+1

Ex. (4) Solve for x if 3y = (HW)

e t—x+4

Ex. (5) lim

x—4 cos?(mx)

(HW)

The Function a*

Defn. For a>0, we define a* = e*Ina

d
Theorem: If y = a* then =~ = a*.Ina .

d
Proof: y = a* = e*¢ = é =e*"% Ing =a*.Ina .

Now, if u=u(x) is a differentiable function of x and y = a*

" dy_ u du
endx—a.na.dx.

Ex. (1) Find L of the following functions:
dx
(1)y = 2sin*2x — Z—z = 250" 2x 12 (2 sin 2x cos 2x.2)

= 25I0*2x | 2 (4 sin 2x cos 2x)
(2)y = 31N 2% |n(sec 2x)

o dy tan-12x 2sec2x.tan2x tan-1 2x
y=a23 : Soc 2 + In(sec2x).3 .ln3.(1+4x2)
-1 -1 2
= 2.3%" " 2% tan 2x + In 3.In(sec 2x) . 38N~ 2x (1 = 4x2>'
Ex. (2) Find the following limits:

D) Ilim2™*=2""=0
X—00

(2) lim 3*=3""=0
X——00

(3)lim 35‘“:‘1 = lim S 1;’3'“” =321n3.c0s0 = (1).In3.(1) = In3.
x— x—

(4) lim 3%-2% lim 3*In3-2%In2
x>0 X N x—0

3
=3°ln3—-2%In2=In3—-1n2 =1n<5>.
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Ex. (3) Solve for x if 310837 4 210825 — glogsx

Soul.

ln—7.ln 3 _

since 3log37 — elog3 7In3 _ eln3 In7 _ 7

e
Ins
And 210825 = glogz5In2 — o 5In2 _ ,In5 _ g
So 7+5=x
= x=12
The Hyperbolic Functions d—a—il =i J) ga—1|
The hyperbolic functions are special combinations of the functions e* and e™
Defn. We define,

. e¥—e™*
(1)sinhx =
eX+e ™™
(2)coshx =
sinh x e¥—e™*
3)tanh x = =
( ) coshx eX+e=X
coshx eX+e™*
4)cothx = =
( ) sinh x eX—e—Xx
1 2
5)sechx = =
( ) coshx eX+e=X
1 2
6)cschx = =
( ) sinh x eX—e=X
y y

) A y=tanhx
y=1
y=sinhx y=coshx K

X (011)

y=1
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y=1

A 'V YA

\ES
A

- -

y=1

~ , |

\/

Some Important Relations and Identities
dagad) (BilBal) g B2l (iaay
(1)cosh? x — sinh?x =1
(2)tanh? x + sech? x = 1
(3)coth?x —csch?x =1
(4)sinh(—x) = —sinhx
(5) cosh(—x) = coshx
(6)tanh(—x) = —tanh x
(7)sinhx + coshx = +e**
(8)sinh(x + y) = sinh x cosh y + cosh x sinh y
(9)cosh(x + y) = coshx coshy + sinh x sinh y

_ tanh xt+tanh y
(10) tanh(x +y) = I+tanh x tanh y

(11) sinh 2x = 2sinh x coshx

(12) sinh?x = COShzzx_l

(13) cosh? x = cosh22x+1

Proof (1): cosh? x — sinh® x = (-5)? — (£5—)?

e?X 4+ 247X e 24 e X 44 e X 4P e

4 4 4
* 1
4 b .
) 2 2 sinh%x 1 sinh*x+1 _ cosh’x
Proof (2): tanh“ x 4+ sech” x = e ot = cohir = cotir = 1.
. e X—e= (") eX_pg7X .
Proof (4): sinh(—x) = > =—— = —sinhx .

-X4 ,—(—x) X4 ,—X
Proof (5): cosh(—x) = 2 +Z =2 +2e = coshx.
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sinh(-x) _ —sinhx

Proof (6): tanh(—x) = = —tanhx .

cosh(—x) " coshx
. eX—e™* e*+e™*¥  e*—e*+eX+e ™™ 2%
Proof (7): sinhx 4+ coshx = —t——= . === e*

Ex. (1) If sinhx = — % find the value of the other hyperbolic functions:

Soul.

3 9 25
cosh2x=1+sinh2x=1+(—z)2=1+E=E

i 5
Since coshx > 0 = coshx = -

-3
sinh x =z 3
tanhx = =

chx =—7 and so on for the other hyperbolic

)
Ex. (2) Show that (cosh x + sinh x)" = coshnx + sinhnx . (H.W)

Ex. (3) If sinhx = tan 6 for — < 6 <~ Find the other hyperbolic

functions in terms of the trigonometric. (H.W)
EX. (4) Show that: sinh 3x = 3 sinhx + 4sinh3x . (H.W)

Derivatives of Hyperbolic Functions:
1. If y = f(x) = sinhx then Z—z = coshx.

. Ify = f(x) = coshx then Z—z = sinh x .

. Ify = f(x) = tanhx then Z—Z = sech?x .

2

3

4. If y = f(x) = cothx then Z—z = —csch?x .

5 Ify = f(x) = sechx then Z—z = —sechxtanhx .
6

. Ify = f(x) = cschx then Z—z= —cschx cothx .

Proof (1) y = sinhx = %(ex —e™)
Y _lrox _ o-x(_1)] = X -X) —
E_z[ex e *( 1)]—2(ex+e *) = coshx.

Proof (2) y = coshx = %(ex +e™)

Z_i’ = %[ex +e*(-1)] = %(ex — e ¥) =sinhx
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Proof (3) y = tanhx =

sinh x

coshx

dy coshxcoshx —sinhxsinhx cosh?x — sinh? x

dx cosh? x cosh? x

1 2
= 5= = sech” x .
cosh? x

Now, if u(x) =u is a differentiable function of x and

o o k~ w0 Dp e

. d du
y = sinhu then 2 = coshu=—
dx dx

dy

. du
— = sinhu—
dx dx

y = coshu then

da du
y = tanhu then == = sech? u—
dx dx
a du
y = cothu then =% = — csch? u—
dx dx
da du
y = sechu then 2 = —sechutanhu=—
dx dx
da du
y = cschu then = = _cschucothu —
dx dx

Ex. (5) Find % of the following functions:

(1)y = f(x) = sinh(x? + 3sinx + Inx)

o dy : 1
y =a= cosh(x? + 3sinx +Inx).(2x + 3cosx+;)

(2)y = f(x) = tanh~2[e'a"™" 2% 4 sech? 2x + sin(e¥)]

d _
d—i} = —2tanh™3[e®@" " 2% 4 gech? 2x
+ sin(e?¥)]. sech?[etn ™" 2* 4 sech? 2x
+ sin(e?¥)]. [etan" 2x 2 4 sech? 2x tanh 2x
' 1+ 4x

+ 2 cos(e?*)e?¥]

(3)y = f(x) = csch™3(tan 2x + tan™?! 2x).csc™3(tanh 2x) . (H.W)
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Ex. (6) If y = x*s"hx  find d_z?'
dy? du du dy dx

Letu=y3 andv=x> =L ="="22 2
dx dv dy dx dv

Now, u = y3 = & = 32

dy

dv
v=1x3=—=3x2

dx
Iny = xsinhxInx
1dy _ 1 .
Jdx = (x smhx).;+ In x (x cosh x + sinh x)
dy _ :
Tx = y[sinhx + x In x cosh x + In x sinh x|
dy® du I . 1
s = T = 3y“.y[sinhx + xInx cosh x + lnxsmhx].ﬁ

where y = x*sinhx

Ex. (7) Evaluate the following limits:

. sinhx—x . coshx-1 . Sinhx . coshx
(1) lim = lim = lim = lim
x—0 x3 x—0 3x2 x—-0 6x x—0 6
cosh0 1
6 6
. tanh2x-2x
(2) lim 2222X72% -y )

x—0 3x—sinh 3x

(3) lin(l)(cschx — cothx) (H.W)
x—

. x—sinh x
(4) [jm == *
x—0 (1—cosh x)2

(H.W)

The Inverse of The Hyperbolic Functions 4zl j= J1 gt} (u s—S2a

1. For —o < x < oo,we define y = sinh ! x if and only if x =
tanhx for —oco <y < 0.

2. Forx > 1,we definey = cosh ™' x if f x = coshx for whichy =0

3. For|x| < 1,we definey = tanh™ ! x iff x = tanhy for which — » <
y < oo,

4. For |x| > 1,we definey = coth ™ x if f x = cothy =y for whichy # 0.

5. For0 < x < 1,wedefine y =sech™x iff x =sechy for which0 <
y < oo,

6. Forx # 0,we definey = csch™ x if and only if x =
cschy for whichy # 0.
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Relations

. _ _11

1. sinh™1x = csch 1;
_ 11

2. cosh ™l x = sech 1;

3. tanh™1x = coth‘li
Proof:

s -1 o _ 1 _l
Let y = sinh x:x—smhy——cschy :»cschy—x

11 L (1
= y = csch™' = = sinh™ x = csch 1(—).
x x

Expressions for the inverse of the hyperbolic functions

1. sinh™tx =In(x + Vx2 + 1)
2. cosh™ x =In(x +./x2-1)
3. tanh~1x = = In(X2)

2 1-x
4. coth™lx = 2InED)

2 x—1
5. sech™lx =1n (1+ ;_x2>
6. csch™lx =1In (1+ ;+x2>
Proof (1):

Lety = sinh™1x = x = sinhy ==

1
=>2x=ey—e—y=>2xey=ezy—1=>(e3’)2—2xe3’—1=0

2x+4/4x2-4(-1)(1)
2

letz=eY = 2°-2xz2—1=0=2z=

2x + 2Vx2 + 1
zZ= - 5 =x+Vx2+1=¢Y

since ¥ >0 = x—+/x2+1>0=x >+x?+1 impossible

ey=x+\/x2+1=>y=ln(x+ x2+1).
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Proof (3):

ey — e_y

lety=tanh™1x = x =tanhy = =
Y Y eY +e™V

e?y —1
X =
ey +1

= xe?’ +x=e? -1

1+x
1—x

5 l (1+x> 11 (1+x>
= : —_—
y=m1=x) 7V 2" 1%

=

= 1l+x=e?(1l—x)=e¥ =

Note sinh~!(sinhx) = x ,sinh(sinh™x) = x

Similarly for the other hyperbolic functions.

Graph of The Inverse of Hyperbolic Functions

y
A y

y=sinh*x / X
-

y=cosh™x

-

>

A
o
A

(10)

y=coth* x k

X "
=secn X
- y

 J

0
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Ex. (8) Evaluate tanh~* (—3) = ZIn Cfgig

N

[y

)=2m(2)

—11 1 In(3)) = 11 3
=5 (n(1) - (n(3)) = —7In3.

N

1 1+tanhx\ -1 .
EX. (9) Sketch the graph of y = Eln (1—tanh X) =tanh™" (tanhx) =x
//‘\"
A
0 >
Ex. (10) Find the asymptotes of the function y = tan h (Invx)

e2Invx_q _ elnX_1q _ x-1

Solu.y = = =
DLV T avRer | exe1 x4l

x=-1 is V.Asymp.
y=1 is H.Asymp.

Derivatives:
1. Ify=sinh™!x then y= \/leﬁ
2. Ify=cosh™!x then y= le_l

-1

coth™x 1-xt
_ -1 = — L
4. Ify =sech™x then y= 12
_ -1 A——
5. Ify=csch™x then y= it

Prof (1) y =sinh™'x = x =sinhy = 1 = coshy %

dy 1 1 1

“dx coshy Jsinh2y+1  Vx2+1
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Now, if u = u(x)is a differentiable function of x and

1. Ify = sinh™u then % = 3_2

2. Ify =cosh™'u then = i du
e

4. Ify = sech™u then <=- ﬁj_z
5. If y = csch™!x then % = —u\/% ‘;_z

Ex. (11) Find % of the following functions

1. y= sinh™! (x* + sin?x) = y =

2X+2 sin X cosx
J(x2+sinZ x)2+1

2. y= sech™ [sech™® (sech™12x)] (H.W.)

Exercises to solve:

[1] Simplify the expressions: A——) jul—aill by

1.1 (In2)(sinx)
og (e )

3. log (&%)
2

log (3x2)
5

5.25

loga
X

"loga
%2

[2] Solve the equations:

1. 8% — eins

2
2. 380D _ geinx _3

3. Ine+ 4

2. log (zex sinx)
4

4. log 3x
9

log x
9

6.

log x
3

log x
8 V10
"logx
V2

A ) el

— 2 7107g (3%)

. 109%@

—2log (x) 1 log(100)
4 = 10

X
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. dy
[3] Find i
l.y=(x+1)*
4.y = (Inx)n*
6.y = 3log (log x)
8 2

x2

8.y= 102g (2 x/é)

Solutions

-

43

29

2. y — X(X+1)
5.y = xlog (e(sinx)ln(3))
3

7.y =

[1] Simplify the expressions:

5

log

lo7g (

3.y = xInx

sinx cosx

)
(&)™)

Jo—tiall

: In(eln2sinx In 2 sinx )
1. log (en2) Ginx)) = ( ) = = sinx
2 In2 In2
. ln(ZeXSinX) . |
xsinx e®sinxln?2
2. lo (ze ) - _
48 In 4 2ln2
1 <
= —e"SsInx
2
In eX X
3. log (&%) = =-—=x
eg ( ) Ine 1
In 3x In(3x) In 3+Inx
4. 10 3X: = =
98 In9 2In3 2In3
log (3x2 log (3x%).In(25 In 3x2 2 )
5 25 Sg( ): e 5g( )-In( )= e ns 2IN5 — o2In3x* _ ,In(3x*)* _ g
log x Inx In x
6. 2= — Ino _ 2ln3 _ 1
" logx Imx T Inx T,
3 In3 In3
loga Ina Ina
X — Inx __ Inx __
7' 10ga_ Ina ~— Ina _2
x2 In x2 2lnx
log x In x

8 Vvio __ Iny1i0 __

Inv2 In 21/2 .

1
Elnz . In2

log x © Inx
V2 In+2

[2] Solve the equations:

1. 8

log (3).In8
e s -5

In3

log (3
Bg()—elns _

log
x> =77

(3%)

"~ Invio  In10Y/2

log (3x).In 7
7

S7

%ln 10 " In10

X

4



e1n3_5:X2_

eln3x =3 _5= x2_3x

> x*-3x+2=0=>x-2)x—-1)=0

x=2 x=1

log (x?).In3
e 3

In x2

3108 ) _ galnx

—3.10'%%@

log (2).In10

=5x—310 10

ln—z.ln 10

= 5x — 3 eln1o0

x2=5x—-3(2)> x*-5x+6=0

-21
3.lne+ 3 %g(x) =

—2log (x).In 4 1
e 4 = -

X
-2Inx

1+e In4 -

2

14" = 1(2)
X

x>+1 2
<2

= x34+x—-2x42=0

=

X

[4] Find &

5.y = xlog (eIN0In3) = x
3

d

oo y dX

x=-3)(x—2)=0
x=3 x=2

~log (100)

10
In100
In10

In4 =1 2ln10
x In10

1
= 1+—2 -
X X

=— 22k’ =x>+x

= x3-2x’4+x=0 =
=>x=0

x-1Dx-1)=0 =x=1

ln(esinx In 3)

In3 o

sinx In3
In3

. y :
=xsinx = — =xcosx+ sinx(1).
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3In{log x Inx
6.y = 31%{; (lOzg X) = l<n; ) — 31151;2)

[In(Inx) —In(In2)] 1
3In2 ~In2

[In(Inx) — In(In 2)]

1
dy 1 X 1

dx In2 E_O - In2(xInx)

sinx cosx)

7 v=] sinx cosx _ ln( oX 2X
y 07g( )

eX 2% In7

1
_ : _ X 9X
y =1 [In(sinx cos x) — In(eX 2%)]
1
y = 7= [In(sinx) +In(cosx) — (Ine* + In 2%)]

1
y=1— [In(sinx) + In(cosx) — x — x1n 2]

Cdy

[cosx —sinx
"dx  In7 lsinx COS X

—an].

1
= m[cotx—tanx— 1—1In2]

]n( Xzez )
2,2

1
yzm[ln(xe In(2vx + 1)]
1
y = ln2[21nx+21ne—(1n2+—1n(x+1)>]
1
y—m[Zlnx+2—ln2——ln(X+1)]
dy 1 2+0 0 1 1
dx In2lx 2x+1
dy 2 1

dx  xIn2 2mI2x+1)
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1
0.y = tog (J(25)")

_ln\/(ﬁ) 1 lln(7_x>1n5]

y= Ins “Ins5 |2 "\3x+2

2
B 1 1n5l ( 7x )]
"5l 2 “\3x+2

_ % [In(7x) — In(3x + 2)]

dy 1717 3
Tdx 2°17x T 3x+2
dy 1711 3

"&:§[§_3x+2]'

Exercises to solve:

[1] Find the domain and the range of the following functions:

1.y =f(x) =V4—x2 2.y =Vx2 — 16
3'yzx—lz 4'y=x21—9

.y = x2)14 6.y = ;2_+12

7.y =x*+4 8-}’=#}&+1)
0.y = o, 0.y = 55
1l.y=Vx2+4 12.y=—
13.y= Vx—4 l4y= |-—
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4—x? . 3x—2
1. hm —— 2 llm
x-2 3= Vx?+ xX—00 9X+7
X—2 -1
3. lim == 4. lim
X—2 Vx2 b BT
2
i X24+3x+2
5. lim — 6. lim =
X—2 X“=5X+6 X——1 X*+4x+3
. (x+h)?—x? o1
7. lim ———— 8. lim
h-o0 h Yol 2132

[3] Evaluate:

X+3

1. lim 2 lim

X=e0 X2 +5%+6 X—00 X245

. 2X+3 2x2+1

3. lim 4 lim

x—00 4X—5 00 6+X— 32

2

. X“+5x+6

5. lim

X—00 Xx+1

[4] Let f(x) = x* — 3x , Find lim focrh)—£00)

f(x+h)—f(x)

[5] Let f(x) = v5x+ 1, Find lm
When x > _§ :
[6]If f() =, Provethat 1. f(3) = —f(x)
1 1
2.6(-2) = -
[7]1f f(x) = x> —x , Prove that f(1 +x) = f(—x)

[8] 1F£(x) ==, Prove f(a) — f(b) = f (=)

(5x+3)

[9] Ify = f(x) = S

Prove that x = f(y).
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Exercises to solve:

[1] Evaluate the following limits: (if there exist)

)
. sin“ 2x
1. lim

x—0 X sin? 3x

. sinx(1—cosx
3. lim ( > )
x—0 X

1-cosx

5. lim —
xXx—0 SInXx

7. lim sin (i — %)

X—2

9. lim cos? x
X—=TT

11. lim xcscx
x—0

13, lim cos(a+x)—cosa

x—0 X

15. lim sin (Zf;(x)

X—00
17 Tim 2202)

1. sin(x—g) = —COSX
2. sin (X+g) = COSX
3. cos (X—g) = sinx
4, cos (X+§) = —sinx

5. sin(m — x) = sinx

6. cos(t—x) = —cosx

sin ax

2. lim —
x—0 Sin bx

1—cosx

4. lim —;
x—0 X

6. lim x cotx
x—0

8. lincl)(secx + tan x)
X—

10. lim sin(a+x)—sina

x—0 X

. sin x
12. lim
x—% COS X

14. lim sec(1 + cos x)

X—Tt

16. lim

x—0 cos(g—x)
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[2] Shows the asymptotes of

X

ly=— 2.y =

x—1 2—x?
3.y = 2x1—3 4y = iij
.y = xzx—zz;c1+3 6.y = ij
[.y = i%: 8.y=x —i
9.y=§+§ 10.y=x2+xi2

Exercises to solve:
[1] If f(x) = sin(x?) and y = f((Zx -1/ (x+ 1))). Find %

[2] If f(x) = V3x2 — 1 andy = f(x?).Find %.

dy

™. when

[3] Given. y = 3sin2x and x = u? + m, Find the value of
u=20

[4] Find%ifx=coszt and y = sin? 3t
[5] |fy= x24+1 and u=vx2+1 ,Find%
3

[7]1fx=t—t? and y = t—t3,Find the value of %att= 1
[8] Find the value of

2 —3(x+ Ax)]%? — [2 — 3x]?
lim [ ( )] [ ] JAX # 0
Ax—-0 Ax
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[9] Find

1. lim
x—oo X—1

3 Jim (3+1) (%)

5. lim

X—00 X

x|

7. lim
x—0 [x[+1

6. lim

8. lim

2 slg?o (5—51) (si;)

4. lim (1 + cosi)

X—00

X+sin x

Xx—o00 X+CO0SX

x243x—10
X——5 X+5

[10] Find the domain and the range of the functions

l.y= E—l

11.y = csc1(3x + 2)
13.y = csc1(2x+ 1)
15.y = cosx

Exercises to solve:

2.y= E
1
4y=§
X
6.y— E

8.y = cos™1(3x + 2)
10.y = sec™1(3x + 2)
12.y = sec 1(3x+ 3)
14. y = sinx

[1] Find % of the following functions:

1.y = cosh™! (x? + sin3 x)

2.y =sinh™! (x? + sin? x)

3.y = 2¥sech 2x

4,y =x3.e7¥

5.y = 3t@nh™'2x |p(gec 2x)

X sin hx

6.y = (tan"1x) x*+1
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[2] Find the asymptotes of the following functions

1. y = tanh (Invx) 2.y = coth (Invx)
-1
L _gneX e g desinTly
[3] Ify = (sinh™")® .find T
sinh~1
[4] Ify = (sinh™1)!"*  find ded—exy

[5] Find & of the following function:

3 3
(x> +1)z. (x> — 1) 2.tanh™?! (sinh2x)

y= 3

(x2 + 4)2.sinh™3 (2x)

[6] Prove that: cosh2x = cosh?x + sinh? x

= 2sinh?x 4+ 1
= 2cosh?x — 1
. __ 2tanhx
[7] Prove that: tan h2x = .

2 2
[8] If y =acoshZ then T2 = = /1 + (?) (prove that)

[9] Prove that: if y = Acosh bx + Bsinhbx
2
Where A, B, b are Constants, then % = b2y

[10] Find <Y of the following functions:
1.y =tanh™! (sinx)
2. x =asech™ (Z) — /a2 — y2 . where a: constant
— -1 X
3.y=2tanh (tan 2)

4.y =tanh (1 + x?)
5.y = xsech x?

6. y = csch? (x2 +1)
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1, 1
[.y= Zsmh 2X—EX
8. y = In(tan h2x)

9. y = In(tanh™12x)

10.y — etanh2x
- — -1 _ ) ﬂ _ -y
[11] Prove that: if x = sech™y — /1 — y?#,then - it
Complex Numbers (S _—alf) Bainal) Sla—s ¥

Number Systems

1. Natural number and integers: The counting numbers 1, 2, 3, ....

are called the natural number (“aukll Jac¥) or the positive

integers. The number zero and the negative integers are added to

the positive integers to from the system of all integers

ey =3,-2,-1,0,1,2,3, ...

This system of numbers is closed under the operations of addition

and multiplication. That is, if m and n are any integers, then
m+n=p and mn=q

Are also integers

In the system of all integers, we can solve equations of the form

x+a=0, ..(1)

Where a may be any integer.

2. Rational _numbers (4&will 3a—e¥)): The second system

introduces fraction: which are just ordered pairs m/n of integers
m and n. We can have all rations of integers, excluding those

having zero in the denominator. This system is called the set of
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rational numbers. By this system the rational operations of
arithmetic may be performed they are
In the system of all rational numbers, we can solve all equations
of the form

ax+b =0 ...(2)

Provided a and b are rational numbersand a = 0.

3. Irrational numbers: some number, such as V2 , cannot be

expressed as the ratio of two integers. Multiples of some other,
more fundamental unit. That is we cannot find a rational number

solution of the eq. x% = 2, because these is no rational number

whose square is 2. Numbers such as v/2 are called irrational
numbers.

If we add to the system above, the system of rational numbers we
arrive at the system of all real numbers.

In the system of all real numbers, we can solve all the egs. in (1)
and (2) and all quadratic equations

ax?+bx+c=0

Havinga # 0 and b?> —4ac >0

4. Complex numbers:

The solution of the quadratic equations
x2+1=0 or ax?+bx+c=0 when b?—4ac<0

Involves the use of the system of complex numbers a + ib

The symbol i is then defined as i = v—1 or i = —1 we may use

a notation such as (a, b). Then it might be said that the complex

number system consists of all ordered pairs of real numbers (a, b),

with the rules by which they are to be equated added, multiplied,
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and so on. We shall use both the (a, b) notation and the notation.
a + ib. We call a the real part, and b the imaginary part of (a, b).
Complex Number s—i2—all 302l

Glaaldll 5 it (lhase v, X ol Cun 7 = (X, Y) ez )4l 7 3aall G pa
~igh WS 5 o pall 5 paall Sles]
M zy = (X2, ¥2)¢ 21 = (xg,y1) SN
21 + 7 = (X, ¥1) + (%2, ¥2) = (%1 + x2,¥1 + ¥2)
21.23 = (X1, ¥1)- (X2,¥2) = (X1X2 — Y1Y2,%1Y2 + X2¥1)
(Pure imaginary numbers) 4_nall 4dbadl slac Wl e (0,y) dapall 4 jall #1559
@ i) 322 Y) e ganal e s X Arsalls Ay il 25 5Y1
Re (2) 4 Jens7=(X, y) aall 22ell Gdall ¢ 5ol X (anw s
Im (z) 4 e Z=(X, y) 2l 20al sl ¢ ally o
y=1m (2) 9 x=Re (z) ¢ &'
S N, N
Ja SAaall aaall 4 (0, 0) el z155Y)
dapall 7=(X, Y) e 22 QLS (Say
z=(x,y) =(x,0) + (0, y)
=(x,0)+(0,1).(y. 0)

=X+ 1y

Example:
The complex number z= (2, 3) can be written as z= 2+ i3

Where Re (z) =2 and Im(z) =3

By using the multiplication rule of complex number, we find
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i2=1i.i=(01).(01) =(-10) =1
i3 =i2i(-1)i= —i
i*t=i2i2=(-D(D=1
In general i (where n is a positive integer number) equal 1, i,—1, —i
when n=0, 1, 2, 3 respectively
Properties
e LAl 5 88al) 45 5 (e IS S 13 Jadi 5 13 jaall G glie 7 Saal) 22al) 5 S5 1]
z=x+iy=0x=0 and y=0
u‘-‘“—ﬁj‘ L“@—‘éﬁ LS)L“‘S) Ow\ LG—‘-‘P LSJL“":‘ 1) -L'gé'} 1) O‘M\ O\JJ‘J‘ L5}L“‘3:3 2
o
X1 +iy1 =x+iy; @x,=%x; and y; =Y
(S i) Ba—diadl) Sas¥) Jo i Y clblall
Gl 57 sl 5 aeadl ac ] 8 e Ll sateall A2 W) oy g dand 57 a5 aanll Cillas a3
t Y sl e (72 = —1) UasDle pe Aiiiall slae DU dandll

Zy =Xyt Y1, Zz =Xy + 1Y,
Zy+ 25 = (X + x2) + iy +y2)
z1.23 = (1 +iy1). (X2 + Y2 )
= (1% = y1Y2 ) + i(x1Y2 + X2)1 )
MM\@@%ZM\}A;@ZZ(ZZ £ 0) 222l ez, 20ell dand Juals
2

Z{ = ZZ,
x1 +iy; = (x +iy)(x2 + iy,)
i O 8l i a2 g Jodd) 5 sl ( jadl 81 gl
X1 = XX —YY2
Y1 = XY, T VX
Oy e X Jsanll ilaladl gila dag g
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_ XX T V1Y2
X5+ y3

XXy + V1Y2
X3+ V3

Complex Conjugate

X2Y1 — X1)2
X5+ y3

and y =

Z1 __ X1X2t Y1Y2
Z - 2 7 A (Zl * O)

X3+ Y3

21 gl Joala 13
Z3

. X2Y1 — X112

x5 + y3

A8 sall 3ol 3-—8) e

Q\Lﬁ\Z_=X—iy JB&A\JJ:J\}QZ_J'A)S\_jdj.oﬁjzzx+iynd\é§\fo\

aia  JLAl) ¢ 3all 5 LET iy iy dtaal) 222l (38 yall

Example:
The conjugate number z =2 — 3iisz = 2 + 3i
Properties
l.z=0 z2=0
2. Z=x+iy=x—1y
3.i=—i andi=i
4, 7=z
5. Z = —2z (i s died) 2l S 1)
6. Z = z (s dxall 2all (S 13))
7.22=(x+iy)(x —iy) = x* + y?
8. z4+Z=2Re(z) = 2x
9.z—7=2ilm(z) = 2iy

1O-Zli22 =Z_1 iZ_Z

11.Z1.Z2 == Z_l 'Z_Z

12.@=2—::, Z, # 0
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Exercise to solve

1. Write the following complex numbers in the form x + iy where x
and y are real numbers
a) (2 + 3i)?
1 1
7-6i
©) 2rai
2. Prove that

a)z+3i=z—-3i

2+1)?2

b) =1

3—4i

Algebraic properties 4— ——all gail—a i)
sl 2ae ) LS jlat Ui kel Alae W) o puiall 5 peall ailiad alies o

1. (The Commutative Law) Jla—=Y)ss—cl_2

721 +2, = 7, + 24 (Addition)

Z1.Z9 = Zy.7q (Multiplication)
2. (The Associative Law) a———aa—aill a—sl8

(zy +2,) + 23 =2, + (2, +z3)  (Addition)

(21.25).2) = 71.(25.23) (Multiplication)

3. (Distributive Law) g sl sasel8
21(23 +23) = 21.23 + 7123 >V e ol )5
4. (Additive lIdentity) —ra—adl Ml jmaial)
Since0=(0,0)=0+1i.0
z+0=04+z=zVze (
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5. (Multiplicative Identity) i —all S—aall aizll
Since1 =(1,0) =1 +i.0 then
z1=1z=2z Vze (
6. (Additive Inverse) —t—al) j—mplaill
—z=—-x—1ly vz e
Such that
z+(—2)=0
—z is said to be the additive invers of z
7. (Multiplicative Inverse) (-l Ll
zzl=2z12=1 Vvze(

z~1 is said to the multiplicative inverse of z

Example:

Find the multiplicative inverse of z

z=30i—2

Solu. The multiplicative inverse of z is

1 1 1 1 (—2 — 3i)

z 3i—2 —2+430 (=2+30)(-2-30)

. —2-3i -2-3i -2 3

S 7 = = - —
4 +9 13 13 13
Absolute value = Adthal) 4o g
2lz] = x2 + y2 A |z] 2o Nbld sz = x 4 iy el 2221l daladl) dagll

Al e e
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Example:
Find the absolute value of the complex number z = 4 4 3i
Iz| = V42 +32= V16 +9=V25=5
Properties:
1. |z| =+zz
2. |z| = |Z|

3. |z1 — z3| = |z, — 2]
4. |zy. 23| = |z41| . | 23]
Geometric Representation of a Complex Number
A8 aall a2l jwa gl Sl
JS) O oeSally 5 Xy (5 siall (e (X, YY) Wlan) 3ol Ly 7 = x + [y Bae 22e JS )
(VECtOr) 4aie; 4liai Sy 7 dine 232 Sy (e Tade JU& Xy (5 siusall & ALk
Qal) elly Joes Al Adadill atiles g Jaa¥) ddaki 5 5300
eV (5 siuas Xy (5 simall 5 o) Hsaally ) saall s Baall ) saallx ) saall cany
Z S sl ) BaExall
JRA LS Q(-3, 2) ddadill Jiliy z = —3 + 27 2deall 22all s JL—5a

y
A
-3,2
Q(-3,2) 2i |- 5
VY ﬂgﬁ Q@w
< i+ 7
| | | > X
-3 -2 -1 0

-

A AN,
D Z2, 71 Opdaal) paaally cpiliatia (pidads (g Adliall )

Zy — Zp| = \/(X1—x2)2 + (y1—y2)?
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-

A N4
la ) ladcaiaiy Jalla 3S je3 s Jasa Ao 428 g dalss a3 5l 3adaal) dlac V)

Aaladll 331 (radius)

z| =7

Zo = X + 1yp bl W S pe 50 Jama o dad) 5 Jalss QS il saaal) alae V)

alaal) (38T a0 A 2ac La Hlall Caal

|z —zo| =7
Polar coordinates Ay bl el _dla Al
Wz =x+ lyM\ﬁM\JM\@MpMMQLu\J;\ 0,(r =0) sl

o8

y=rsin@ , x=rcos0
s8all 2=l o) z = r(cos 0 + i sin 0) dapall AWUS 3ale) Sy 7 J8aal) 22al) 4
Sdmall 202l 43l 5 ooy B Al g 20l 51 = | 2] O 61 Z S 52 Agaiall sk ga r
iS5 (argument of Z) z

0 =argz

sl ) sna e 7 dsiall a1 25130 @ Al (s Z bl 202l By 5
Aelull i e sl
OSan g2 Gildeliaay Lpiany (e bl da8all adl) (e dlfia je 3e @ JSI G ey e
Aalaall (1o aidll 538 sl

y i
tanf == p(X.Y)
0 =tan~! (X)
X <, y
o »X
0
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Euler’s formula _—L 4—ua

Z Siaall 22a)) AU (Says bl drpay Cajed @9 = cos B +isin B Akl ()
L

z=1(cos® +isin0) = re'®

274 gl kil (S e

z 1= 1. = le_ie
re® r
A @ pall duals
Z1Zy = rleiel.rzeiez
= rlrzei(efl'ez)
98 daudll zil

i0
Z et T ,
-1 = 1 o = 1 31(91_92)
Z, 1et%7 1,

Exercise to solve

1. Write the complex numbers in Polar form
(@) 2 +2V3i (b) =5 + 5i ©1+i (d)V3—i
Solu. (b)
z=-54+5i

Izl =7 =+/x2+y2 = V25425 =V50=r =50
X +5 _—
6 =tan™" (—) = 0 =tan™! (—) =tan" ' (=1) = —
y -5 4
z =1(cos0 + isin0)
—T

_ -n o, . _ iz
Z—\/%(COSTJSIDT)—\/%G‘L
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Solu. (c)
z=1+i

r=Viti=V2 =r=12

z

0 = tan~! (1) =tan"1(1) = T oor tan(0) =i =0= E
- 1) 4 - 4

~zZ =71(cos B + isin0)

z=re!® = 2e"

Solu. (d)
z=V3—-i =2zl=r=V3+1=V4=2

0 7
7z =reV =26

orz=r(cos®+isind) =2 (cosz+ isinz)
6 6

Powers and roots  _gi—ally s s—4al
z" = r"ei™ lginua day) (Say 7 = reff dire aaddamiall o a8l o)
De Moiver’s Formula S—bsa g1l S
(cosB® 4+ isinB)™ = cos(nB) + i sin(nb)
Ex. Evaluate
(@ (1+0)°
(o) 1+)7°
Solu.. (a)
Write (1 + i) in polar form

Izl = [1+i]| =+/12412 = V2 =7

1 T T
6=tan'1X=tan‘1(—>=— or tan6=z >tanf=1>0=—
X 1 4 X 4
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_ T
~(1+1)=re®=+2e's

2 (1+1)8 = (\/Eei(%)>8 = (V2) 2™ = 22 (cos 21 + isin 21)

8
=22 [cos2m + 0]
8 8
:22(1)==22=24=16 .
Solu . (b)
-8 )

(14 i)_8 — (\/E) e 2m : Bas g (Q)g A (e

1 .. _ 1 . _ 1
=— (cos2m — isin2m) = —(1-0) =

16
Dsda Al Sl aixall alac ) s dlag) 8 2T = e dxpall aladii) Wik

u}ﬁ 1= 1_eie UISLASJ Z :‘reie u'a)élzn = 1“3\.:.45\
(reie)n =1.e%®
rnein® — 1 pi0

O sl 27 Clielinay Glias Lagiy gl ) ol 5 lillaall Laaliad (laae (lade 5 sl 13)

r*=1, nO =0+ 2km (k=0 +1, +2,..)
O a5 Lgiag
e=% o or=1  (k=0, +1, +2..)
Jslall Je Juanilign s
AL 21tk - [2mk
Z=e n =cos(—)+lsm(—)
n n

A0 phad Cuaiyg n 4edbal 2 aliiie alias ey dalin ) oall o3 i (Sa

dea¥l 6 38 pa gl dua ,a)
2T

2T
W, = COS (—) + i sin (—)
n

n
o ) A il gdall ) oS5 (5 58 ga (63 438 Hae i ga

2 .3 n—-1
1L, w, wi,wy, ..., Wy,
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daxa 23e (oY A Gl gdal) il 85 )Sall o34 anent Sy g W = 1 o) sl
Lpall meail w# 0w = p(cosp + isinp) ¢

Vw = \/_[cos( +2kn)+ i sin
(k=012 ...n—1)

Jiah Al Clgaiall IS Jsh Jiay o3 p sl 23l consall sil) 3l Tfp Euam
An sl ) saall a8l ge

,,};;J\Qymuwaﬂudu%:\wun

p+ an]
n

A AN 4

Al cdine 222 s Ay (o) 2 e _uusum ALl i 5 ,AY) el Ll o)
Al )saall e sl sz QS NIl dida (e 4l 5 ) i 2l dgatia Joa Han dlal
& sl )il IS¢ sana Ll dtaall 2aall

2 3 -1
{20, ZoWn, oWy, ZoWy , .., ZoWy 7}

2T (27
W, = COS (—) + Lsin (—)
n n

Zf Dl dtaall 2xall 451 5 2 5 wy— ol O
(V6 — iV/2) auall AU Ayt ) gdal) 22 :Jlta

aﬂu\woﬁw\wg(\/a_iﬁ) 2aad) iS5 s Jad)

r=p=v6+2=2V2
Zy = i 24/2 e_%i%
= \/i[cos (118) — isin (1ﬂ_8)]



=2[cos10° — isin10°] = V2[cos(—10) + isin(—10)]
% = 12005 s2a) 511 5y 52l) % Jalas L (-10) sl 0 S Adlialy iy AV Cpodall o
BESC
ZoWs3 = \/E[cos(—10°) — isin(—10°)] [cos(120°) + isin(120°)]
1107
= V2[cos(110°) + isin(110°)] =2 el( T50)
Zow? = V2[cos(—=10°) + isin(—10°)][cos(120°) + isin(120°)]?
= /2 [cos(230) + isin(230)]

1230
= \/E el(m)ﬂ
O S
Ladie ZJSMM =l L\)J\ BJA\} 4.A:\§ RN ,1
(@) z=— (b) z = :
1+iV3 —2 -2
(—i)1/3 Ll S as 2

sl S ad s 3
(@) V=i (b)V1+i
Exercise to solve
Q.1 / Solve the following equation, for the real numbers x and y

(@ B3+4i)*>—2(x—iy)=x+iy

(b)(l—”)2+ L =14

1+i x+iy
©@B-20)(x+iy) =2(x—-2iy)+2i—1
Q.2 / How many the following complex numbers be obtained from z = x + iy

geometically? Sketch

(@) —= (b) (=2)
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(c)z (d)1/z
Q.3 / Find the result of:

3-i (1+i)(2-0)
(@) 75 (b) (1-0)(3+0)

0.4 / Show that the distance between the two points z; and z,in an a
rgand diagram is equal to |z; — z,|

Q. 5 / In the following problems, graph the points z = x + iy that
satisfy the given conditions

(@) |z] = 2 (b) |z| <2

©) |z| > 2 d]z+1]=1

Q.6 / Express the answer to the following problems in the form ret®

withr > 0and — < 6 < 1 . Sketch
2 1+i
@ (1 ++v-3) (b) —
Q.7 /| Use De Moivre’s theorem to express cos40 and sin40 as

polynomials in cos 6 and sin 6
Q.8 / Find the results of the following:

(a) Vi (b) V—1—+/3i
Q.9 / Find the square roots at (1 + i)3
Q.10 / Find the cube roots of the following
(@) unity (b) —8
(€)=5 + 2i (d) 1+ +/3i
0.11 / Find the roots of the following equation
2x> —4x+4=0
Q.12 / Find the four roots of the following equations
@x*+1=0
(b)z*—2z2+4=0
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Q.13 / Find
() li2 - )| (b) |2

3+4i

Q.14 / Write the following complex numbers in form x + iy

(a) 3¢5 (b) 2¢7%
(C)es e5 (d) —5 ¢ 5™
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Examiner: Dr. Emad A

Q.1 (a) solve the system by invests matrix method:

X1+ 2x3=6

—3x1 +4x, + 6x3 = 30

—X1 — 2X, +3x3 =8

(b) Find the asymptotes of the function y = tan h (Invx )

esin -1,

0.2(a)ify = (sinh"1)". find 2 ——

(b) Write the following complex number in polar form:

= @

1+i

bx
Q.3 (a) show that lim (1 + ) = e®? where aand b are constants

X— 00

(b) Solve fory: if

3lo3g7 19 log5 _ 5logy
Q.4 (a) find the domain and the range of the following functions:
Oy=f)=m1-x*) , @y=fx)=v2-+x

(b) Prove that:

If |z]| =1, then Re(

)_1
-z) 2

iy o il cla ) £ 5 e a4
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i) aan Ao AlaY) sdkad .
Q.1 Solve the system by (inverse matrix method):
2x1 + ln(xZ) — X3 = 4

1
X1 + ln(?) + X3 = —10
2

_3x1 - 2X3 == 9

. dy . _ sinh~1x cosh™1x
Q.2 Find X if y =In ll(;g( )]

ex 3X

. 2 3x
Q.3 (a) Evaluate: lim (1 + _)
X—00 X

14++/3i
(1-i)?

(b) Write the following complex number in polar form:

0.4 Find the domain of the functions:

(1)y = In (xz;l) , (2)y = cos™(sinx) , B)y=+/2—-x

desec_ly

dInx

0.5 (@) if y= (cos"'h™1)¢. find

(b) Solve the equation:

log(x?2) log(1)
2 10

2 + 4en®) — 3 10
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