
Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Typewriter
رياضيات

Haider Qais
Typewriter
الهندسة المدنية



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

haiderqam@outlook.com
Typewritten text
(x-2)(x+3)=0x=2, m1x=-3, m2

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
c2e^m2x

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

haiderqam@outlook.com
Typewritten text
y, m

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
-B+-(b^2-4AC)^0.5/2*A

haiderqam@outlook.com
Typewritten text
Ax^2+Bx+c=0

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2022-2023)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Rectangle

haiderqam@outlook.com
Typewritten text
M=Fd

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
x=0

haiderqam@outlook.com
Typewritten text
x=L

haiderqam@outlook.com
Typewritten text
x=L/2

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Typewriter
كل مائل يحلل
كل منتشر يركز

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Arrow



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Line

haiderqam@outlook.com
Typewritten text
x/2

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Line

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
A

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
P

haiderqam@outlook.com
Typewritten text
pl/2

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
x

haiderqam@outlook.com
Typewritten text
2

haiderqam@outlook.com
Line

haiderqam@outlook.com
Pencil

Haider Qais
Line

Haider Qais
Line

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Line

Haider Qais
Line

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Line

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Typewriter
بقد رمشتقات السؤال

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



haiderqam@outlook.com
Typewritten text
c1

haiderqam@outlook.com
Typewritten text
3x

haiderqam@outlook.com
Typewritten text
c1e+c2e

haiderqam@outlook.com
Typewritten text
m1x

haiderqam@outlook.com
Typewritten text
m2x

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Haider Qais
Pencil

Haider Qais
Typewriter
Find the complete solution of the below ODE)

Haider Qais
Typewriter
Find the complementary solution

Haider Qais
Typewriter
Find the particular solution

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Rectangle

Haider Qais
Rectangle

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



haiderqam@outlook.com
Typewritten text
18

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
e (AcosBx+BsinBx)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Typewriter
Find the complete solution of the below ODE)

Haider Qais
Typewriter
Find the complete solution of the below ODE)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Typewritten text
26

haiderqam@outlook.com
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Typewritten text
-B+-(b^2-4AC)/2A

haiderqam@outlook.com
Typewritten text
Ax^2+Bx+C=0

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Oval



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Rectangle

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil

haiderqam@outlook.com
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Pencil

Haider Qais
Arrow

Haider Qais
Arrow

Haider Qais
Line

Haider Qais
Line

Haider Qais
Line

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Line

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Asst. Lect. Haider Qais                                  
Engineering Mathematics /3rd year lectures (2021-2022)

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil

Haider Qais
Pencil



Baghdad University                                                  Lectures in:                       
College of Engineering                                    Engineering Analyses                     
Civil Engineering Department                              (Third Stage)                                                       

Asst. Prof. Dr. Alaa Hussein Alwan Al-Zuhairi                         Email: alaalwn @ coeng.uobaghdad.edu.iq 19 

7.3 Buckling of Columns 
Buckling of columns is considered as a phenomenon of unstability. Its occurrence 
depends on the slenderness of the column (λ) which can be defined as the ratio of 
column effective length to its radius of gyration as follows: 

𝜆𝜆 = 𝐿𝐿𝑒𝑒
𝑟𝑟

                                              (7-24) 
Where, 
Le = column effective length = KL, in which K = effective length factor 

r = radius of gyration = �𝐸𝐸
𝐴𝐴
  in which I = moment of inertia of the column section, 

and A = the column cross-sectional area. 
The value of effective length factor depends on the method of column ends supports. 
Figure (7-13), which was quoted from American Institute for Steel Construction 
AISC 360-05 Specification Table C-C2.2, shows this value for different column end 
conditions  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (7-13) Values of Effective length factor for different column end conditions 
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7.3.1 Pined-pined column 
Figure (7-14) shows a pined-pined axially-loaded member 
(column) subject to the axial load (P) in its longitudinal 
direction x and buckled in y-direction with a maximum 
value of (δ) at column mid-length. The governing 
differential equation for this buckling can be derived from 
the equation of moment that induced by existence the force 
(P) and the buckling displacement (y). So that:  
𝑀𝑀(𝑥𝑥) = −𝑃𝑃𝐸𝐸 
𝐸𝐸𝐼𝐼𝐸𝐸"= -Py 

 y" +
𝑃𝑃
𝐸𝐸𝐼𝐼 𝐸𝐸 = 0 

𝑞𝑞𝑒𝑒𝑡𝑡  𝑃𝑃
𝐸𝐸𝐸𝐸

= 𝑘𝑘2, 𝑡𝑡ℎ𝑒𝑒𝑡𝑡: 

 y" + 𝑘𝑘2𝐸𝐸 = 0                                       (7 − 25) 
Equation (7-25) is classified as: Homogeneous 2nd Order D.E. It can be solved by the 
method of undetermined coefficients using the characteristic equation as follows: 
 𝑚𝑚2 + 𝑘𝑘2 = 0 → 𝑚𝑚2 = −𝑘𝑘2→ 𝑚𝑚1,2 = ∓𝑘𝑘𝑖𝑖 (𝑊𝑊ℎ𝑒𝑒𝑜𝑜𝑒𝑒 𝑖𝑖 = 𝑖𝑖𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝐸𝐸 𝑜𝑜𝑜𝑜𝑜𝑜𝑡𝑡 =  √−1  
Accordingly the solution is: 
𝐸𝐸(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥  
To find the arbitrary constants A and B apply the following boundary conditions: 

(a) y(0) = 0 → B = 0 
(b) y(l) = 0 → 0 = Asinkl → sinkl = 0 → kl =  np 

By squaring both sides: 

𝑘𝑘2𝑙𝑙2 = 𝑡𝑡2𝜋𝜋2 →  
𝑃𝑃
𝐸𝐸𝐼𝐼

𝑙𝑙2 = 𝑡𝑡2𝜋𝜋2 →
𝑃𝑃
𝐸𝐸𝐼𝐼

=
𝑡𝑡2𝜋𝜋2

𝑙𝑙2  

𝑃𝑃𝑐𝑐𝑟𝑟 =
𝜋𝜋2𝐸𝐸𝐼𝐼

𝑙𝑙2  

Pcr = is the critical axial load at which buckling is occurred. It is also referred as Euler's 
Load.  
n = represent number of ripples in the buckled shape of the column. 
l = effective length of the column = K  × actual length of the column. In this problem (i.e: 
pined-pined column; K = 1 then, effective length = actual length = l  
 
 
 
 
 

Figure (7-14) Pined-pined column 
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7.3.2 Fixed-Fixed column 
Figure (7-15) shows a fixed-fixed axially-loaded member 
(column) subject to the axial load (P) in its longitudinal 
direction x and buckled in y-direction with a maximum 
value of (δ) at column mid-length. The governing 
differential equation for this buckling can be derived from 
the equation of moment that induced by existence the force 
(P) and the buckling displacement (y). So that:  
𝑀𝑀(𝑥𝑥) = −𝑃𝑃𝐸𝐸 + 𝑀𝑀𝑜𝑜 
Where, Mo = is the fixed end moment 

𝐸𝐸𝐼𝐼𝐸𝐸"= -Py + 𝑀𝑀𝑜𝑜→ y" + 𝑃𝑃
𝐸𝐸𝐸𝐸

𝐸𝐸 = 𝑀𝑀𝑜𝑜
𝐸𝐸𝐸𝐸

 

𝑞𝑞𝑒𝑒𝑡𝑡  
𝑃𝑃
𝐸𝐸𝐼𝐼 = 𝑘𝑘2, 𝑡𝑡ℎ𝑒𝑒𝑡𝑡: 

 y" + 𝑘𝑘2𝐸𝐸 =
𝑀𝑀𝑜𝑜

𝐸𝐸𝐼𝐼                               (7 − 26) 

Equation (7-26) is classified as: Non-homogeneous 2nd Order D.E. It can be solved for the 
complementary solution by the method of undetermined coefficients using the characteristic 
equation as follows: 

 𝑚𝑚2 + 𝑘𝑘2 = 0 → 𝑚𝑚2 = −𝑘𝑘2→  𝑚𝑚1,2 = ∓𝑘𝑘𝑖𝑖 (𝑊𝑊ℎ𝑒𝑒𝑜𝑜𝑒𝑒 𝑖𝑖 = 𝑖𝑖𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝐸𝐸 𝑜𝑜𝑜𝑜𝑜𝑜𝑡𝑡 =  √−1  
Accordingly the complementary solution is: 
𝐸𝐸𝑐𝑐(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥  
The particular solution for the non-homogeneous part of Equation (7-26) can be assumed as: 
𝐸𝐸𝑝𝑝(𝑥𝑥) = 𝐶𝐶 (constant) and should be identify the govern differential equation (Equation (7-
26)), then: 

0 + 𝑘𝑘2𝐶𝐶 =
𝑀𝑀𝑜𝑜

𝐸𝐸𝐼𝐼
 

𝐶𝐶
𝑃𝑃
𝐸𝐸𝐼𝐼

=
𝑀𝑀𝑜𝑜

𝐸𝐸𝐼𝐼
→ 𝐶𝐶 =

𝑀𝑀𝑜𝑜

𝑃𝑃
 

Then the total solution is obtained by superposition of both complementary and particular 
solutions: 
  𝐸𝐸(𝑥𝑥) = 𝐸𝐸𝑐𝑐(𝑥𝑥) + 𝐸𝐸𝑝𝑝(𝑥𝑥) 

𝐸𝐸(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥 +
𝑀𝑀𝑜𝑜

𝑃𝑃
 

To find the arbitrary constants A and B apply the following boundary conditions: 
(a) y'(0) = 0 → 0 = Ak cos(0) – Bk sin(0) → A = 0 
(b) y(0) = 0 → 0 = B cos(0)+ 𝑀𝑀0

𝑃𝑃
 → B = - 𝑀𝑀0

𝑃𝑃
 

𝐸𝐸(𝑥𝑥) = −
𝑀𝑀𝑜𝑜

𝑃𝑃
𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥 +

𝑀𝑀𝑜𝑜

𝑃𝑃
 

Figure (7-15) Fixed-fixed column 
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Or: 

𝐸𝐸(𝑥𝑥) =
𝑀𝑀𝑜𝑜

𝑃𝑃
(1 − 𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥) 

To find the critical axial load at which buckling is occurred (Euler's Load) apply the third 
boundary condition, which is: 
𝐸𝐸(𝑙𝑙) = 0 = 𝑀𝑀𝑜𝑜

𝑃𝑃
(1 − 𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑙𝑙) This is can be achieved when 

 kl = 2np 
By squaring both sides: 

𝑘𝑘2𝑙𝑙2 = 4𝑡𝑡2𝜋𝜋2 →  
𝑃𝑃
𝐸𝐸𝐼𝐼

𝑙𝑙2 = 4𝑡𝑡2𝜋𝜋2 →
𝑃𝑃
𝐸𝐸𝐼𝐼

=
4𝑡𝑡2𝜋𝜋2

𝑙𝑙2  

∴ 𝑃𝑃𝑐𝑐𝑟𝑟 =
4𝜋𝜋2𝐸𝐸𝐼𝐼

𝑙𝑙2  

Which is four times of the critical axial load of buckling for pined-pined column. 
 
7.3.3 Fixed-pined column 
Figure (7-16) shows a fixed-pined axially-loaded member 
(column) subject to the axial load (P) in its longitudinal 
direction x and buckled in y-direction with a maximum value of 
(δ) at column mid-length. The governing differential equation 
for this buckling can be derived from the equation of moment 
that induced by existence the force (P) and the buckling 
displacement (y) in addition to lateral force (F) at the pin 
support. So that:  
𝑀𝑀(𝑥𝑥) = −𝑃𝑃𝐸𝐸 + 𝐹𝐹𝑥𝑥 
Where, F = is the lateral (or shear force at pin support) 

𝐸𝐸𝐼𝐼𝐸𝐸"= − 𝑃𝑃𝐸𝐸 + 𝐹𝐹𝑥𝑥  → y" + 𝑃𝑃
𝐸𝐸𝐸𝐸

𝐸𝐸 = 𝐹𝐹𝑑𝑑
𝐸𝐸𝐸𝐸

 

𝑞𝑞𝑒𝑒𝑡𝑡  
𝑃𝑃
𝐸𝐸𝐼𝐼

= 𝑘𝑘2, 𝑡𝑡ℎ𝑒𝑒𝑡𝑡: 

 y" + 𝑘𝑘2𝐸𝐸 =
𝐹𝐹𝑥𝑥
𝐸𝐸𝐼𝐼

                              (7 − 27) 

Equation (7-27) is classified as: Non-homogeneous 2nd Order D.E. It can be solved for the 
complementary solution by the method of undetermined coefficients using the characteristic 
equation as follows: 
 𝑚𝑚2 + 𝑘𝑘2 = 0 → 𝑚𝑚2 = −𝑘𝑘2→  𝑚𝑚1,2 = ∓𝑘𝑘𝑖𝑖 (𝑊𝑊ℎ𝑒𝑒𝑜𝑜𝑒𝑒 𝑖𝑖 = 𝑖𝑖𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝐸𝐸 𝑜𝑜𝑜𝑜𝑜𝑜𝑡𝑡 =  √−1  
Accordingly the complementary solution is: 
𝐸𝐸𝑐𝑐(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥  
The particular solution for the non-homogeneous part of Equation (7-27) can be assumed as: 
𝐸𝐸𝑝𝑝(𝑥𝑥) = 𝐶𝐶 + 𝐷𝐷𝑥𝑥  and should be identify the govern differential equation (Equation (7-27)), 
then:  

Figure (7-16) Fixed-fixed column 

F 
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𝐸𝐸𝑝𝑝
′ = 𝐷𝐷 

𝐸𝐸𝑝𝑝
" = 0 

0 + 𝑘𝑘2(𝐶𝐶 + 𝐷𝐷𝑥𝑥) =
𝐹𝐹𝑥𝑥
𝐸𝐸𝐼𝐼

 

𝑃𝑃
𝐸𝐸𝐼𝐼

(𝐶𝐶 + 𝐷𝐷𝑥𝑥) =
𝐹𝐹𝑥𝑥
𝐸𝐸𝐼𝐼

→ 𝐶𝐶
𝑃𝑃
𝐸𝐸𝐼𝐼

+ 𝐷𝐷
𝑃𝑃𝑥𝑥
𝐸𝐸𝐼𝐼

= 0 +
𝐹𝐹𝑥𝑥
𝐸𝐸𝐼𝐼

  , 𝑀𝑀𝑡𝑡𝑡𝑡ℎ𝑒𝑒𝑚𝑚𝑡𝑡𝑡𝑡𝑖𝑖𝑐𝑐𝑡𝑡𝑙𝑙𝑙𝑙𝐸𝐸 𝑡𝑡ℎ𝑖𝑖𝑠𝑠 𝑙𝑙𝑒𝑒𝑡𝑡𝑑𝑑𝑠𝑠 𝑡𝑡𝑜𝑜: 

𝐶𝐶
𝑃𝑃
𝐸𝐸𝐼𝐼

= 0 → 𝐶𝐶 = 0, 𝑡𝑡𝑡𝑡𝑑𝑑 𝐷𝐷
𝑃𝑃𝑥𝑥
𝐸𝐸𝐼𝐼

=
𝐹𝐹𝑥𝑥
𝐸𝐸𝐼𝐼

 → 𝐷𝐷 =
𝐹𝐹
𝑃𝑃

  

∴ 𝐸𝐸𝑝𝑝(𝑥𝑥) =
𝐹𝐹
𝑃𝑃

𝑥𝑥 

Then the total solution is obtained by superposition of both complementary and particular 
solutions:  
  𝐸𝐸(𝑥𝑥) = 𝐸𝐸𝑐𝑐(𝑥𝑥) + 𝐸𝐸𝑝𝑝(𝑥𝑥) 

𝐸𝐸(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥 + 𝐹𝐹
𝑃𝑃

𝑥𝑥  

To find the arbitrary constants A and B apply the following boundary conditions: 
(a) y(0) = 0 → B = 0 

(b) y'(0) = 0, 𝐸𝐸′(𝑥𝑥) = 𝐴𝐴𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥 + 𝐹𝐹
𝑃𝑃

→ y'(l) = 0 → 0 = Ak cos(kl)+ 𝐹𝐹
𝑃𝑃
 → A = - 𝐹𝐹

𝑘𝑘𝑃𝑃𝑐𝑐𝑜𝑜𝑑𝑑𝑘𝑘𝑘𝑘
 

∴ 𝐸𝐸(𝑥𝑥) = −
𝐹𝐹

𝑘𝑘𝑃𝑃𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑙𝑙
𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 +

𝐹𝐹
𝑃𝑃

𝑥𝑥 

Or: 

𝐸𝐸(𝑥𝑥) =
𝐹𝐹
𝑃𝑃

�𝑥𝑥 −
𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥

𝑘𝑘𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑙𝑙
� 

To find the critical axial load at which buckling is occurred (Euler's Load) apply the third 
boundary condition, which is: 

𝐸𝐸(𝑙𝑙) = 0 = 𝐹𝐹
𝑃𝑃

�𝑙𝑙 − 𝑡𝑡𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘
𝑘𝑘

� This is can be achieved when: 

 tankl = kl 
Which can be solved by trial and error to get: 
kl = 4.493 rad 
By squaring both sides: 

𝑘𝑘2𝑙𝑙2 = 20.19 →  𝑘𝑘2 =
20.19

𝑙𝑙2 ×
𝜋𝜋2

𝜋𝜋2   →  
𝑃𝑃
𝐸𝐸𝐼𝐼

=
𝜋𝜋2

(0.7𝑙𝑙)2 

∴ 𝑃𝑃𝑐𝑐𝑟𝑟 =
𝜋𝜋2𝐸𝐸𝐼𝐼

(0.7𝑙𝑙)2 

Which is about two times of the critical axial load of buckling for pined-pined column. 
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7.3.4 Fixed-free column 
Figure (7-17) shows a fixed-free axially-loaded 
member (column) subject to the axial load (P) in 
its longitudinal direction x and buckled in y-
direction with a maximum value of (δ) at 
column mid-length. The governing differential 
equation for this buckling can be derived from 
the equation of moment that induced by 
existence the force (P) and the buckling 
displacement (y) in addition to lateral force (F) 
at the pin support. So that:  
𝑀𝑀(𝑥𝑥) = −𝑃𝑃𝐸𝐸 

𝐸𝐸𝐼𝐼𝐸𝐸"= − 𝑃𝑃𝐸𝐸  → y" +
𝑃𝑃
𝐸𝐸𝐼𝐼 𝐸𝐸 = 0 

𝑞𝑞𝑒𝑒𝑡𝑡  
𝑃𝑃
𝐸𝐸𝐼𝐼

= 𝑘𝑘2, 𝑡𝑡ℎ𝑒𝑒𝑡𝑡: 

 y" + 𝑘𝑘2𝐸𝐸 = 0                              (7 − 28)   
Equation (7-28) is classified as: Homogeneous 2nd Order D.E. It can be solved by the 
method of undetermined coefficients using the characteristic equation as follows: 
 𝑚𝑚2 + 𝑘𝑘2 = 0 → 𝑚𝑚2 = −𝑘𝑘2→  𝑚𝑚1,2 = ∓𝑘𝑘𝑖𝑖 (𝑊𝑊ℎ𝑒𝑒𝑜𝑜𝑒𝑒 𝑖𝑖 = 𝑖𝑖𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝐸𝐸 𝑜𝑜𝑜𝑜𝑜𝑜𝑡𝑡 =  √−1  
Accordingly the solution is: 
𝐸𝐸(𝑥𝑥) = 𝐴𝐴𝑠𝑠𝑖𝑖𝑡𝑡𝑘𝑘𝑥𝑥 + 𝐵𝐵𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥  
To find the arbitrary constants A and B apply the following boundary conditions: 

(a) y(0) = 0 → B = 0 
(b) y'(l) = 0 → , 𝐸𝐸′(𝑥𝑥) = 𝐴𝐴𝑐𝑐𝑜𝑜𝑠𝑠𝑘𝑘𝑥𝑥 → 0 = Acoskl → coskl = 0 This is can be achieved 

when: 

𝑘𝑘𝑙𝑙 =
𝑡𝑡𝜋𝜋
2

 

By squaring both sides: 

𝑘𝑘2𝑙𝑙2 =
𝑡𝑡2𝜋𝜋2

4
→  

𝑃𝑃
𝐸𝐸𝐼𝐼

𝑙𝑙2 =
𝑡𝑡2𝜋𝜋2

4
→

𝑃𝑃
𝐸𝐸𝐼𝐼

=
𝑡𝑡2𝜋𝜋2

(2𝑙𝑙)2 

𝑃𝑃𝑐𝑐𝑟𝑟 =
𝜋𝜋2𝐸𝐸𝐼𝐼
(2𝑙𝑙)2 

Which is one quarter of the critical axial load of buckling for pined-pined column. 
 
 
 
 
 

Figure (7-17) Fixed-free column 
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