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The percent elongation at fracture, which varies with the grade, bar diameter and
manufacturing source, ranges from 4.5 to 12% over an 8” (203 mm) gage length. For most
steels, the behavior is assumed to be elastoplastic, and Young’s modulus is taken as 29 x
108 psi (200 x 10 MPa). Table 1, presents the reinforcement-grade strength.

Table 1: Reinforcement strength and grades.

Minimum Yield Point Ultimate
or Yield Strength, /, Strength, /,
1662 Standard Type (pst) (psi)
Billet steel (A615)
Grade 40 40,000 70.000
Grade 60 60,000 90,000
Axle steel (A617)
Grade 40 40,000 70.000
Grade 60 60,000 90.000
Low-alloy steel
(A706): (irade 60 60000 80,000
Deformed wire
Reinforced 75.000 85000
Fabric 70.000 80,000
Smooth wire
Reinforced 70.000 £0.000
Fabric 65.000, 56,000 75.000, 70.000

Welded wire fabric is increasingly used for slabs because of the ease of placing the
fabric sheets, control of reinforcement spacing and better bond. The fabric reinforcement
is made of smooth or deformed wires that run in perpendicular directions and are welded

together at intersections.
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Fig. 1: Reinforcement placement in different types of beams.

1.2 Concrete

Concrete is a stonelike material obtained by permitting a carefully proportioned
mixture of cement, sand and gravel or other aggregate, and water to harden in forms of the
shape and dimensions of the desired structure. The bulk of the material consists of fine and
course aggregate. Cement and water interact chemically to bind the aggregate particles into

a solid mass.



Additional water, over and above that needed for this chemical reactions, in
necessary to give the mixture the workability that enables it to fill the forms and surround
the embedded reinforcing steel prior to hardening. Concrete in a wide range of strength
properties can be obtained by appropriate adjustment of the proportions of the constituent

materials.

1.3 Mechanical Properties of Concrete

1.3.1 Compressive Strength:

Many factors affect the concrete compressive strength such as the water/cement
ratio, the type of cement, aggregate properties, age of concrete, and time of curing. The
most important factor of all is the water/cement ratio. The lower w/c ratio with good
workability leads to higher concrete compressive strength. Increasing the w/c ratio from

0.45 t0 0.65 can decrease the compressive strength by 30-40%

The compressive strength of concrete is usually determined by loading a 150 mm
cube up to failure in uniaxial compression after 28 days of casting and is referred to as f’c.
It should be mentioned that in other countries such as the U.S.A & Canada, the compressive
strength is measured by compression tests on 150 mm x 300 mm cylinder tested after 28

days of moist curing.

Since concrete is used mostly in compression, its compressive stress-strain curve is
of a prime interest. Fig. 2 shows a typical set of such curves obtained from uniaxial
compression test of cylinder. They consist of an initial relatively straight elastic portion in
which stresses and strains are closely proportional, then begin to curve to reach a maximum
value at a strain of 0.002 to 0.003. These is a descending branch after the peak stress is

reached.
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Fig. 2: Typical concrete stress-strain curves in compression

1.3.2 Tensile Strength:

Experimental tests indicate that tensile strength of concrete is highly variable and
ranges from 8-12% of its compressive strength. The actual value depends on the type of
test and crack propagation pattern at failure. Tensile strength is usually determined by the
bending test or by the split cylinder test (as shown in the Figs. 3 &4). The ACI-code states

that the value of concrete tensile strength can be taken from experimental tests as follows:

60% from the concrete tensile strength determined from bending test.

85% from the concrete tensile strength determined from split cylinder test.
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Where A is a modification factor reflecting the reduced mechanical properties of

lightweight concrete.

1.3.3 Modulus of elasticity

It is clear from the stress-strain curve of the concrete shown in Fig. 5 that the relation
between the stress and the strain is not linear. Thus, the modulus of elasticity changes from
point to another. Furthermore, its value varies with different concrete strengths, concrete
age, type of loading, and characteristics of cement and aggregate. The initial tangent is
sometimes used to estimate the concrete modulus of elasticity, in which, the slope of the
stress-strain curve of concrete at the origin is evaluated. The ACI-code (8.5.1) gives the

following formula for estimating the concrete modulus of elasticity:
E. = w.® 0.043 \/f'c (in MPa) for values of w. between 1440 and 2560 kg/m>.

E. =4700./f'c (in MPa) for normal weight concrete.

Where, w. is the concrete unit weight
in kg/m? and f% is the is the concrete

compressive strength in MPa.

The magnitude of the modulus of
elasticity is required when calculating

deflection, evaluating bracing

condition and cracking of a structure.

-

Strain

Fig. 5: Initial Tangent Modulus of Concrete
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1.3.4 Strength of Concrete under Biaxial Loading

Portions of many concrete members may be subjected to stresses in two
perpendicular directions (biaxial state). The strength of the concrete is affected greatly by
the applied stress in the perpendicular direction as shown in Fig. 6. All stresses are
normalized in terms of the uniaxial compressive strength (fc). The curve has three regions:

biaxial compression-compression, biaxial tension-tension, biaxial tension-compression.

In compression-compression zone, it can be seen that the compressive strength of
the concrete can be increased by 20-25% when applying compressive stress in the
perpendicular direction. In the tension-tension zone, it is clear that the tensile strength of

the concrete is not affected by the presence of tension stresses in the normal direction.
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Fig. 6: Strength of concrete under biaxial stress.
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Lecture # 02: Properties of Concrete and Reinforcing Steel

1.1 Reinforced Concrete

Concrete is stong in compression but weak in tension. Therfore, reinforcement is
needed to resist the tensile stresses resulting from the induced loads. Additional
reinforcement is occasionally used to reinfoce the compression zone of concrete beam

sections. Such steel is necessary for heavy loads in order to reduce long-term deflections.

Concrete and steel work together in reinforced concrete structures. The advantages
of each material seem to compensate for the disadvantages of the other. The tensile strength
of steel is approximately equal to 100-140 times the tensile strength of the usual concrete
mix. Also, the two materials bond together very well with no slippage and thus act together

as one unit in reisiting the applied loads.

The disadvantages of steel is corrosion, but the concrete surrounding the
reinforcement provides as excellent protection. The strength of the exposed steel subjected
to fire is close to zero, but again the enclosure of the reinforcement in the concrete produced
very satisfactory fire protection. Finally, concrete and steel work very well together in
temperature changes because their coefficient of thermal expansion are almost the same.
The coefficient of thermal expansion for steel is 6.5 x 10, while that for concrete is about

5.5 x 10°®. Fig. 1 shows typical reinforcement arrangements for different types of beams.

A- Simple beam



1.3.5 Shrinkage

As the concrete dries, it shrinks in volume due to the excess water used in concrete
mixing. The shortening of the concrete per unit length due to moisture loss is called
shrinkage strain. The magnitude of the shrinkage strain is a function of the initial water

content, the composition of the concrete and the relative humidity of the surroundings.

Shrinkage is also a function of member size and shape. Drying shrinkage occurs as
the moisture diffuses out of the concrete. As a result, the exterior shrinks more rapidly than
the interior. This leads to tensile stresses in the outer skin of the concrete member and
compressive stress in its interior. The rate of the shrinkage increases as the exposed area to

the volume increases.

Although shrinkage continues for many years as shown in Fig. 7, approximately

90% of the ultimate shrinkage occurs during the first year.

nbmost fiaf carve

Time

Fig. 7: Variation of shrinkage with time for a typical concrete mix.

1.3.6 Creep

When a reinforced concrete members is loaded, an initial deformation occurs as shown in
Fig. 8. Experimental studies show that this initial deformation increases with time under

constant loading.

15



The total deformation is usually divided in to two parts:

1- Initial deformation.

2- Time-dependent deformation “Creep”.

As shown in the figure, more than 75% of the creep deformation occurs during the
first year and 95% in the first five years. If the load is removed, immediate recovery occurs,
followed by a time dependent recovery (creep recovery). The member will never recover
all the developed deformation and there will be a non-recoverable deformation called

permanent deformation.

The creep deformations are within a range of 1-3 times the instantaneous elastic
deformations. Creep causes an increase in the deflection with time that may lead to
undesirable deformation of the member. Thus, the deflection must be ensure that the

deformations are within the allowable limits of the code.

deformation under

.Toad removal B constant loading

Deformation
:
;
!

/ creep deformation ! C
{
A . creep recovery
~ - -~ - D
) . Elastic deformation Bty
time of lnath?g permanent
\ : - deformation
Ao Time

Fig. 8: Elastic and creep deformations of concrete.
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2.2 Loads

One of the basic duties of the civil engineer is to estimate the loads applied to the

structure. There are many types of loads that the structure can subject to. These are:

2.2.1 Dead Loads

Represents the structure selfweight in addition to all other loads that applied along
the structure life like finishings and flooring and roofing loads. Those loads can be
calculated by multiplying the volume by the material density. Table 2-1 illustrates the

typical densities of some construction materials.

Table 2-1: Typical densities for some construction materials.

Material Typical Density (kg/m®)
Construction Bricks 20
Cement 14
Gypsum 12
Plain Concrete 23
Reinforced Concrete 24
Dry Soil 16
Hollow Blocks 14
Sand 17
Reinforcing Bars 78
Thermostone 9
Waterproofing 14
Cement Paste 20
Gypsum Plastering 20

2
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Fig. 10 shows typical stress-strain curves for steel reinforcement. Reinforcing bars are
available in three grades; 40, 60 and 80 steels. They have corresponding yield strengths of
40,000, 60,000 and 80,000 psi (276, 414 and 552 MPa) respectively and generally have

well-defined yield points as shown in Fig. 11.

For steel that lack a well-defined yield point, the yield -strength value is taken as the
strength corresponding to a unit strain of 0.005 for grades 40 and 60 steel and 0.0035 for

grade 80 steel. The ultimate tensile strengths corresponding to the 40, 60 and 80 grade steel
are 70,000, 90,000 and 100,000 psi (483, 621 and 690 MPa), and some steel types are given

in the Table below.

Stress
high grade sicel
0.2% proof stress§ -« -—wmwm—m=
." ~ start of strain hardening
14
: mild stoet
b |- v
P yield plateau -
b
m
200,000 N/mm* :
p"elashc range -
[
fmp—plastiorsnge 1 .
' ] o 0.005 0.01 0.015
0.002 Swrain [infin, {mm/mmi]
Fig. 11: Typical stress-strain diagram
for various steel grades.

Fig. 10: Typical stress-strain curve
for mild and high grade steels.
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Lecture # 03: Analysis and Design Methods

2.1 Introduction

Structural engineering includes two main issues; anaylsis and design of structures. The
analysis consists of evaluating the member end forces, joints displacements, shear and
bending moment diagrams, and member bending strength to determine the maximum
forces for design purposes. While the design includes evaluating the section dimensions,

reinforcement amount and details for the concrete members.

Both analysis and design of concrete members are interacting each other and can
not be separated. Since, in the analysis, the moment of inertia and the section area need to
be given, i.e., the member can not be analyzed befor the design stage. On the other hand,
The design stage requires that the acting forces on the member to be known, that is mean,

the member can not be designed before analyzing it.

Based on the above, the analysis-design process represents a closed cycle and in
order to start it, a conceptual (priliminary) design to be made for estimating the section size
or assuming values for the member section area and the moment of inertia. As the
preliminary design finished, the structure has to be analyzed to evaluate the forces and

displacements.

The analysis-design process may continue untile an appropirate design follow the
basic requirements to be obtained. The basic requirements include that the induced stresses
and displacements are less than the maximum stresses and displacements respecively while

the cost of the structure to be minimized.

Before starting the analysis process, the applied loads on the structure has to be

estimated as illustrated in the next item.
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Letn=E;/Ec — .. [fy =n. fey

Where:
n = modular ration
fes = concrete stress at reinforcement level

fs = reinforcement stress

€¢s = concrete strain at reinforcement level

€; = reinforcement strain

fct Ect

fcb

€s

e AW
| | (n-1)As

Transformed Section Stress Distribution Strain Distribution

= Using the second assumption;
FC=FS — Ae. fcs=As. fs—) Ae. fcs=As.n. fcs g Aezn. As
Where:

Fs = steel force

F¢ = equivalent concrete force
A, = concrete area equivalent to steel

As = steel area



2.2.2 Live Loads

Represents all loads that can be moved like human being or have the ability to move
like furnatures...etc. The live loads can be estimated based on the “ASCE/SEI 7” standards
that represents the Minimum Design Loads for Buildings and Other Structures, Chapter 4,
Table 4-1.

TABLE 4-1 MINIMUM UNIFORMLY DISTRIBUTED LIVE LOADS, L,, AND MINIMUM CONCENTRATED LIVE LOADS

Occupancy of Use Unliorm Tonc.
pet (Nim?) 1h (kN
Apartrents (see Residential)
Access floor systems
Ofiice ese 50 (2.4) 2000 (8.9)
Computer use 100 (1.79) 2.000 (8.9)
Armories and drill rooms 150 (7.18)
Assembly arcas and theaters
Fixed seats (fastened 10 floor) 60 (2.87)
Lobbices 100 4,79
Movable seats 100 4.79)
Platforms (assembly) 100 (4.793
Stage floors 150 ¢2.18)
Balconies (exterior) 100 (4.79)
On one- and two-family residences only. and not exceeding 100 fi2 (9.3 m?) 60 (2.87)
Bowling alleys, poolrooms, and similar recreational areas 75 (3.59)
Catwalks for maintenance access 40 (1.92) 300 (1.33)
Corridars
First floor 100 (4.79)
Other floory, yame as occupancy served except as indicated
Dance halls and ballrooms 100 (4.79)
Decks (patio and roof)
Same as area served, or for the type of occupancy accommodated
Dining rooms and restaurants 160 4.79)
Dwellings (s¢e Residential)
Elevator machine room grating (on area of 4 in2 [2,580 mm’]) 300 {1.33)
Finish light floor plate construction 200 (0.89)
{on area of 1 in.? [645 mm?])
Fire escapes 100 (4.79)
On single-family dwellings only 40 (1.92)
Fixed ladders See Section 4.4
Garages (passenger vehicles only) 40 (L.92y**
Trucks and buses
Grandstands (sec Stadiums and arenas, Bleachers)
Gymnasiums—main floors and balconies 100 (4.79)
Handrails, guardnails, and grab bars See¢ Section 4.4
Hospitals _
perating rooms, laboratories 60 (2.87) L000 (4.45)
Patient rooms 40 (1.9 1000 (4.45)
Corridors above tirst floor R0 (3.83) 1,000 {4.45)
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2.2.3 Wind Loads

Can be calculated as force/m? from the building elevation according to “ASCE/SEI
7” standards that represents the Minimum Design Loads for Buildings and Other

Structures, Chapter 6. The wind loads can be estimated using:

1-Simplified Method.
2- Analytical Procedure, and

3- Wind Tunnel Procedure.

2.2.4 Other Loads

Like soil pressure, fluid loads, thermal loads, seismic loads and others.

2.3 Analysis Methods

There are two types of structures; simple limited structures that can be analyzed
using equlibirum equations only. Complex unlimited structures that need consistant-
displacement equations in addition to equilibirum equations for their analysis. Most

structures are complex umlimited ones and there are many analysis methods can be used.

2.3.1 Classical Methods

Accurate methods like:

1. Consistance Deformation Method
2. Slope-Deflection Method
3. Least work Method

23



Approximate methods like Moment-distribution method. It was very important
analysis method before computer development age because it needs to solve a lote of

simultenous equations.
Other methods specialized with laterial loads (like wind loads) that include:

1. Portal Method
2. Cantilever Method

2.3.2 Advanced Methods

In these methods, matrices to be used for structural analysis. Advaned methods include:

1. Force or Flexibilty Method
2. Displacement or Stiffnes Method

Using the displacement method, many structural programs have been developed for
structural analysis like SAP2000 (Structural Analysis Program) and STAAD III (Structural

Analysis and Design in 3-Dimensions)

2.4 ACI-Code Coefficient Method

Represents the simplest methods for analyzing continous beams and one-way slabs
(ACI-Code 8.3.3). Using this method, the ultimate bending moment can be calculated as

folllows:

M, =CW,L,*
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Where:

C = factor obtained from Table 2-2 or ACI-Code 8.3.3.
W, = the estimated ultimated loads

L. = the clear span face-to-face of supports for positive moments and shear, while it
represents the average length of two adjacement spans for the negative moments.

For the shear calculation, the ultimate shear at the face of support is:
Vu=CW, Ly,

Table 2-2: Approximate factor values for moment and shear calculations.

Positive moment
End spans
Discontinuous end unrestrained ............. w, 2,211
Discontinuous end integral with support ... w,,4,2/14
Interior Spans .............cccceecoeereececcscencacnnen w, (216
Negative moments at exterior face of first mtenor
support
More than two spans ............cccceeucuiene w,l,“10

Negative moment at other faces of inten

Negative moment at face of all supports for
Slabs with spans not exceeding 3 m;
and beams where ratio of sum of column
stiffnesses to beam stiffness exceeds 8
ateachendofthe span............................. Wyp2H2

Negative moment at interior face of exterior support for

members built integrally with supports
Where support is spandrelbeam ............ . Wy !,,2124
Where supportisacolumn...................... w,,z,,ﬁm
Shear in end members at face of first
HETION SUPPOIt........ereremiecetereieteneninns 1.16w,(, /2
Shear at face of all other supports .................. w, i, /2




1- Two Spans

more than 8 and span less than 3 m.

1/12

1/12

1/12

1/12

1/12

1/14

1/16

0
1/24
Free 1/16 18
Side beam
Column
1/11
1/14
1/14
/\
2- More than to Spans
0
1/24
ree 1/16 1/10 1/11 1/11 1/11
Side beam
Column e
1/11 1/11
1/14
1/14 \/\
3- Slabs with summation of I (columns) to the I (beam) at each end
o~
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4- Shear

1/2

1.15/2

1/2

1/2

1/2

This method can be used under the following conditions:

1- There are at least two spans.

W\

2- The spans to be approximately equal and no ore than 20% difference between two

adjacement spans.

W
]

4

The loads to be uniformly distributed.

The live loads to be less than three times the dead loads.

5- All members have the same cross-sections.

2.5 Design Methods

Generally, there are two method for design of reinforced concrete members. These are:

This method assumes linear elastic behavior in analyzing the structures and linear

relation between stresses and strains. Therefore, the concrete stress (fc) is limited to 0.45

fc, i.e., 45% from the concrete ultimate strength. While steel stresses (f5) are limited to be

27



140 MPa for steel types (fy = 300 MPa) & (fy = 350 MPa) and 170 MPa for steel type (fy
=400 MPa), i.e., less than or equal half the yield stress.

The above stresses are called “Allowable stresses” or “Working stresses”. The reason
for calling it working stresses because the structure is designed under the working loads

(The actual loads on it).

In this method, the safety factors are the ratio between the ultimate stresses and the
allowable stresses which is 1/0.45 = 2.22 for concrete and greater than or equal to 2 for
steel reinforcement. In the present time, the usage of this method becomes undesirable. In
spite ot this, it is necessary and important to understand it in order to check the structure
serviceability (control of deflection and cracks) because the serviceability requirements

are always checked under working loads or service loads.

In this method, the structure has to be analyzed assuming linear elastic behavior, i.¢,
same as the analysis method in case of working stress method. While sections design and
analysis have been conducted under the ultimate loading (using safety factors more than 1

multiplied by the working loads).

For the stresses, the ultimate ones have to be used for both concrete and steel
reinforcement. The ultimate strength calculation depends on the real stress distribution at
failure and its relation with strains will be non-linear. This method becomes more common

and popular than the working stress method during the last decades.

28



If the moment is known, the stresses will be:

2M ' .
fc= RJbaZ concrete compressive stress from equation (5)
— M . .
fs = aegd e steel tensile stress from equation (6)

If one of the stresses is known, the other can be found from the linear interpolation.

2- Second Method . Tr rmed jon Moment.
In this method, the neutral axis location to be determined after transforming the steel

area into an equivalent concrete as shown below.

£, kd/3

Transformed Section Stress Distribution

t = 1. As s n=Es/Ec

The value of kd is calculated by taking moments of area about the neutral axis. Then a 24

degree equation in terms of k is developed. Solve for k.
k can be calculated based on the principle:
2 2
b = nA(d — kd) — b %2 — pnbd(d — kd) = 0

10
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2.6 Serviceability Requirements

After completing the member design regarding the bending, shear and other applied forces,

serviceability requirements have to be checked as:

1- Deflection: to be limited to certain value due to its disadvantageous.

7- Cracks: to be under control to avoid reinforcement oxidation.

If Serviceability of the member does not comply with the standards and limitations under
workin stresses, the member must be re-dseigned including section size and reinforcement

amount.

10
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Lecture # 04: Working Stress Method

3.1 Introduction

Working stress method assumes linear proportionality of stresses and strain for
concrete and steel reinforcement. For steel reinforcement, linear proportionality will be
when the stresses is less than the yield stress (f;). While for concrete, the stress-strain
relation can be assumed linear when the stress is less than half of concrete compressive

strength, i.e., less than (0.5 1%).

During the last decades, the use of this method becomes little and the ACI-code put
it in the appendices and call it the alternate method since 1977. So, in this chapter, only

rectangular reinforced concrete sections will be analyzed and designed using this method.
Before analyzing and designing the reinforced concrete beams using this method,

the behavior of reinforced concrete beams under applied loads should be studies to get

more understanding of working stress and ultimate stress methods.

3.2 Behavior of Reinforced Concrete Beams under Load Effect

The behavior of the beams can be divided into three stages up to failure:

3.2.1 re Cracking Si

This stage happened with little loads when stress and strain proportionality is linear.
For the analysis, the steel reinforcement has to be transformed to an equivalent concrete to
get the transformed section. Then the beam will be homogenous and the mechanics of

material rules can be applied to it.
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The area of the transformed section (A;) will be:
Ai=Ac+Ae = Ag— As+nAs — A=Az +H(n-1) A
Where:
A = transformed section area
Ag=grossarea=bxh
A. = concrete area
After converting the steel to its equivalent of concrete, mechanics of material rules

can be applied to the homogeneous section to evaluate the stresses as follows:

R
I

Where:

o = bending stress

M = applied bending moment

y = distance from the neutral axis

I = moment of inertia

Thus, the maximum concrete and steel stresses will be:

M.y, M.y M.y
fer = Tts fob = _I'Q s =n.foe =n IS

Where:

fet = concrete compressive stress

yt = distance of concrete top fiber to the neutral axis

feb = Concrete tensile stress

yb = distance of concrete bottom fiber to the neutral axis
fs = steel stress

ys = distance of steel reinforcement to the neutral axis
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To find the neutral axis location, the moment of the total area about the top axis will
be equal to the moment of the concrete rectangle and the concrete area equivalent to steel

about the same axis as:

Ai.yi=Ag. (0/2) + (n-1)Asd — Find y;
Then find y» & ys as follows:
Yyo=h-yi , ys=d-w

The moment of inertia can be calculated as:

I=(bh’/12) + b.h.e? + (n-1) As. y2 — I=(b. y3/3) + (b. y3/3) + (n-1) A; y2
Where:

e = distance of rectangular area to the neutral axis

d = is the distance from the concrete compression fiber to the steel axis

3.4 Cracking Moment Calculation

When analyzing reinforced concrete beams subjected to relatively light loads, the
section has to be checked for cracking. This can be done through evaluating the moment
required to cause cracking and comparing it with the applied moment. In cracking moment

calculation, the concrete stress has to be equal to the modulus of rapture (f;).

The cracking moment can be calculated as follows:

_ fr1
Yb
Where f; is the modulus of rapture of concrete.

M,

I = is the moment of inertia of the given section

yb = is the distance between the tension fiber of concrete to the neutral axis.
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When the cracking moment is greater than the applied one, the previous procedure
can be followed. Otherwise, both the analysis and design has to be done with either the

working stress or ultimate methods.

Example #01: Determine the cracking moment for a simply supported reinforced
concrete beam whose size (width x depth) is 300 x 600 mm with reinforcement
amount of 3200 mm’ as shown below. The beam has a modular ratio (n) of 8 and
modulus of rapture (f;) of 3.1 MPa. Find also the concrete & steel stresses if the
applied bending moment is 33.9 kN.m.

Solution:

A:=300x 600 + (8-1) (3200) = 202400 mm?

202400 (y:) = (300 x 600) 300 + (7 x 3200) 500

yi= 322 mm, yp, = 600 — 322 =278 mm, y, = 278- 100 = 178 mm

I=(300 x 600%)/12+300 x 600 x 222 + 3200 x (8-1) x 1782 =697 x 106 mm*
M =fr. I/yb=((3.1 x 6197 x 10%)/278) x 10 = 69.1 kN.m

Since M, = 69.1 > 33.9 — un-cracked section, find concrete and steel stresses.

fo = =25 = (33.9 x10° x 322)/(6197 x 10%) = 1.76 N/mm?

fi=nfes=n ﬂl‘Yf = (8 x 33.9 x 178 x 105/(6197 x 10) = 7.79 N/mm?
fee

600 mm

la
<
o

™\ £, = fun

f.
| 300mm <

l‘ »

Transformed Section Stress Distribution
6
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3.5 Analysis of Reinforced Concrete Beams by Working Stress Method

The analysis includes the evaluation of concrete and steel reinforcement stresses
when the applied moment, section size and reinforcement amount are known. The analysis
also involves the maximum bending moment calculation that the section can withstand if

the allowable stresses, section size and reinforcement amount are known.

The allowable stresses based on the ACI-Code represent a percentage of material

strengths and used as safety factors for the stresses as;

= For concrete: f.=0.45 f%
=% For steel reinforcement

300 N/mm?
fs=140 N/mm? for steel with £, = {

350 N/mm?

/=170 N/mm? for steel with £, = 400 N/mm?

= Modulus of elasticity of concrete; Ec = 4700 \/Z N/mm?

% Modulus of elasticity of steel; Es = 200,000 N/mm?

Where 7 is the cylinder compressive strength at 28 day

The above method depends on several assumptions like:

1- Plane section before bending remain plane after bending, i.e., the strains are linearly
proportional with the distance from the neutral axis.

2- The stress is linearly proportional with the strain.

3- Concrete tensile strength is neglected and the tensile forces are assumed to be

carried by steel reinforcement only.

S
[

Full bond between concrete and steel reinforcement, i.e., there is no slip between

them.
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There are two methods of analysis of reinforced concrete beams as follows:

I- First Method ; Internal Couple Moment.

In this method, the neutral axis location to be determined first using the equilibrium of

forces as shown below:

e

v

€s
Rein. Con. Section Strain Distribution  Stress Distribution

C=T
05 fcbkd=Asfs ................ (1)
From strain distribution:
Ec_ _& fe — fs ) fs =n fe
kd  d-kd ’ Eckd  Eq(d-kd)’ =~ d-kd "kd

Where

d is the effective depth = distance from steel center to concrete compression fiber.
kd = is the distance from the concrete compression fiber to the neutral axis.

From the above equation; f, = —;—k nf g eeerenenes 2)

Find f; in terms of £; from equation (2) and substitute into equation (1), a 2% degree

equation in terms of k will be developed. Solve for k.



2
%——pn(l—k) =0 — .. k%*-2pn-2pnk=0

k= 2pn+(pn)2 —pn.......... Same as equation (4).
The moment of inertia can be calculated as:

_ b(kd)3

I + nA, (d — kd)?

The stresses can be calculated as:

Example #02: Determine both the concrete and steel stresses for a reinforced
concrete beam with size b = 300 mm and d (effective depth) = 500 mm and
reinforcement amount of 1500 mm? and a modular ratio of 8. The applied bending
moment is 70 kN.m.

Solution:

Method 1: internal couple
k = 2pn + (pn)?2 — pn, p =(1500)/(300 x500) = 0.01

pn=0.01 x 8=0.08, .. k = JZ x0.08 + (0.08)? — 0.08 =10.328

kd = 0.328 x 500 = 164 mm
J = 1-(k/3) = 1-(0.328/3) = 0.89
Jd = 0.89 x 500 = 445 mm

2M 2x70x10°

fc = = = 6.39 N/mm?
kjbd? 0.328x0.89x300x5002
M 70x10°
fs = = = 104.9 N/mm?
Ag.Jd 1500x445
11
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nAs ¥ i
—— |
fs=n.f,

300

; 500

le >l

[«

Transformed Section Stress Distribution

Method 2: Transformed section

The value of k is calculated as done in method1.
I =(300x164°)/3 +8x1500x(500-164)%* = 1795 x 10® mm*
fo=M.kd)/T= (70 x 10% x 164)/(1795 x10°) = 6.39 N/mm?

nM (d—kd)  8x70x10°(500-164)
=nf..= = = 104.8 N/mm?
fs=nfes I 1795x106
12
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Assume ¢ 8 mm stirrups.

Beam total height (h) = 498+40+8+16 = 562 mm...... = say h=570 mm

Home works:

1- Find the cracking moment for the section below if the modulus of rapture, f; is equal

to 3.13 N/mm? and f% = 20 N/mm?.

> 500 mm X
[ g
A
£
€
(=]
3 4-9 32 mm
1 oo o0 immm
I‘ 300 mm N
< >

2- Find the greatest service point load (P) that can be applied on the given beam so that

no cracking happened. Knowing that n = 8 and f; = 4 N/mm?.

| 250 mm
:‘ >
A
P P
£
9 £
8
n
2m 2m | 2m 3-032 mm
« | | g ® o o
Yy
17

j:GS mi
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R=05x1125 kJ=2.03
M = Rbd?* =2.03bd*

e 126 x10°
2,03

b= 250mm oo d = 498mm

M 126x10°

*TfJd  140x 428

= 62.07%10°

= 2102mm*

Jd = 428mm

M lgban psiald 332 (3355 e Ay = 707 mm® i (430)) 5t o pasid

n=glﬂ—2-= 297
707

h-d+%+ﬂ+4ﬂ

h=498+15+10+40 = 563mm
h=5T0mm

(3430)  gluad aasnul

sty il Gl

II..:n:‘n.i'-....l

5t ol caasnad (A e

» il yadalll HlE = g
TS o LS

40 mm ~ dla Sl 3 skt plaadd 3,
(7.3) S Jo faui ga adaiall Lualis

44



s e |
3.13Mpa 5 guss el Jalas 518 132Ul adaidl] D 5 e 32 1.3

. fE& =20Mpa
.
Ll 4630
i
ey e @ @& @

T‘ 300 mm

S5 Gua Susy bl 4l o dalad (8 (p) 380e e35 Jas eall 22 2.3
fr=4Mpa, n=8 [lkigd 4

l p J P ‘ T
415
S00 i
mm
| L l 3¢ 30
'+* o I e & @ g
2m 2 m 2m
250 mm

o =10 paacl sl u....na"h"l Gam galt o jell s jally apiall Slalgad 2a oLl 140 3.3
(2.3) el 4 s i gall o all el (Lo

W=20 KN/m  (Sgal s Abenins)
FEEEEEEEEEEEREEREEEEY
3823

> 4o 79? Im
« >l > 45




Sl call g il A1 il 2l Sl ga ol ol Agal pliid 4.3

_'_ﬁﬂﬂrmﬂ____h

=10 kel Jalasy o M = TOOKN .m

200 mm

i

ﬂlf_nm

200 mm

200 mm
4¢ 30

MiMerJiij-u‘tﬂLﬂjw&hhlgﬁj

=
——

1 50 mm

400 mm

.

n=10 i(zcli{w’m}{;d,u”mu_,,mu‘..n.;,mag.u;iw-.,,...ﬁj

=10 Ayl Jeaaye M =100KN.m

AN

44 30

3100 mm

fleﬂ'”pﬂ' I-‘-I c_j.n-u] e K P b= 300mm ¢H¢h L e

fx =140Mpa

W=20 KMN/m

P

r—-

- ——

46


Bahjat2
Rectangle


Example #03: Determine the maximum service moment that can be applied to
reinforced concrete beam with size b = 250 mm and d (effective depth) = 400 mm
and reinforcement amount of 1000 mm* and a modular ratio of 8. Knowing that the
allowable stresses for concrete and steel are 12 N/mm? and 140 N/mm? respectively.

Solution:

Method 1: internal couple

k = \/2pn + (pn)? — pn, p =(1000)/(250 x 400) = 0.01

pn=0.01 x 8=0.08, .. k = /2 x0.08 + (0.08)2 — 0.08 = 0.328

kd = 0.328 x 400 = 131 mm
J=1-(k/3) = 1-(0.328/3) = 0.89
Jd = 0.89 x 400 = 356 mm

e Assume that the concrete will reaches its allowable stress. Thus:

_ 2M __ fckjbd?
fe= kjbaz M=

=12 (250)(400)* x 0.328 x 0.89 x 10°%/2 = 70 kKN.m <

e Assume that the steel reinforcement reaches its allowable stress as:

fs =AM]d — M= A £ Jd=1000 x 140 x 0.89 x 400 = 49.8 x 10° = 49.8 KN.m <
S-

| The largest service moment is 49.8 kN m]

Method 2: Transformed section

The value of k is calculated as done in method1.
I=250(131)%3+ 8 x 1000 (400-131)? = 766.23 x 10® mm*

e Assume that the concrete will reaches its allowable stress. Thus:

M kd fo I
= — —> =
f ¢ 1 M kd

= (12x 766.23 x 10%)/ 131 =70 kN.m <

13
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=5 — 1=k =n (1-k) = n- =
Letr—fc =T =" = rk=n (1-k) nnk:>..k—n+r .......... 9)
Using Equ. (5);
M=05fkJbd , 1etR=05fkJ, > M=Rbd................ (10)

It is noted that the parameter R depends on material properties rather than the section size.
From Equ. (10), the value of bd? is evaluated. To determine the size:

1- Assume one dimension and find the other. This will continue until reaching practical
values.
2- The ratio of b/d may be known from the given data.

3- One of the dimensions may be known from the given data.

The reinforcement amount is then evaluated from Equ. (6):

M

A =
$ fsJd

Then the design will be completed by calculating the number of the required steel bars and

the detailing of reinforcement.

Example #04: Design a 6m span simply supported beam to resist the bending results
from a service uniformly distributed load of 24 kN/m. Use f, = 25 N/mm?, £, = 300
N/mm? and b = 250 mm.

I 250 mm
f

24 kN/m r-?
Stirrups

support

»l
7

A

570 mm

6m 3-0 32 mm

< »l
« VE

-y

15
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Solution:

fo=0.45 (%) = 0.45 (25) = 11.25 N/mm?

fs = 140 N/mm? for £, = 300 N/mm?

Ec = 4700 \/;C = 4700 V25 = 23,500 N/mm?

Es = 200,000 N/mm?

n=Es/ Ec=200,000/23,500 = 8.51.....= say n =9 (to the nearest integer number)
To find the beam self-weight, assume the beam height = 600 mm

Wy =0.6x0.25 x 24 = 3.6 kN/m..... = say Wy, =4 kN/m

Total weight (W) =24 + 4 =28 kN/m

Mid-span moment = M = W L%/8 = 28 x (6)%/8 = 126 kN.m

n 9
k = — =—70 = 042
n EAFTET:

R=0.5f.kJ=0.5(11.25)(0.42)(1-(0.42/3)) = 2.03

M =R.bd? =2.03 bd? = bd? = 126 x 10/2.03 = 62.07 x 10°
Useb=250mm, d=498 mm, Jd=0.86(498)=428 mm
To find the amount of reinforcement,

M _126x10°

As = foJd 140 x 428

= 2102 mm?

Use ¢ 32 mm steel bars.

No. of bars = 2102/804 = 2.61.....= use 3- ¢ 32 mm steel bars

16
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For fc>30 MPa....... = 1 will be reduced by 0.05 for every 7 MPa increase in £
but not less than 0.65.

Bi1=0.85-0.05(fc=30)/7..cccoeviiiameaiianriniiinnnn 4-17)
0325 <P <0.425

4.4 Beams Classifications based on Reinforcement Amount

The theory of material strength depends on the fact that the failure of beams occurs
either by yielding of steel, reaching the yield strength, £, and this type of failure is called
Tension Failure. Or crushing of concrete before yielding of steel and this is called
Compression Failure. 1t noted from experimental work that the crushing of concrete
usually occurs at strain, &, ranging between 0.003 and 0.004 and a value of 0.003 has been
adopted as conservative value for crushing of concrete.

In case of reaching concrete to its ultimate strain (s = 0.003) at the same time of
yielding of steel reinforcement, this kind of failure called Balanced failure. The type of
failure depends mainly on the reinforcement amount if the section size and material

strength is limited.

4.4.1 Balanced Reinforced Concrete Beams

As mentioned before, this kind of failure occurs when the concrete reaches its crushing
strain (€. = 0.003) at the same time the steel reinforcement reaches yielding stress (fs = fy).

The balanced steel ratio (ps) equation can be derived from equilibrium of forces as:

C=T,=> As f,=0.85 Fc ab=0.85 f'c Bicb => pbd f, = 0.85 f'c Picb ......... (4-18)
= B e (4-19)
fyd

Eu +E_S



Flexural Analysis and Design of Beams

4.1 Introduction

Design and analysis of reinforced concrete beams can be conducted through two
main methods:
1- Working Stress Method (as discussed in the previous chapter).
2- Strength (Ultimate) Method.

4.2 Strength (Ultimate) Method

In this method, design and analysis of structural members will be based on the
ultimate loads that the structure can carry at failure. That’s mean, both concrete and steel
stresses reach its maximum values. The ultimate loads can be calculated through
multiplying the expected service load along the structure life by certain factors called

“safety factors”.

The section analysis includes evaluating the section ultimate strength when the
stresses reach its maximum values. While, the section design includes finding some or all

section size and reinforcement amount when the structure is subjected to ultimate loads.

The stresses distribution at failure is nonlinear. While the strains distribution will
remain linear. There is no accurate analysis to predict the stress distribution shape and the
shape proposed by the ACI-Code researchers has been adopted. The proposed stress

distribution shape is parabolic and depends on a lot of experimental tests.
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4.2.5 Strength Reduction Factors

The design strength is normally calculated through multiplying the nominal strength by
factor less than 1.0 called strength reduction factor and denoted by “¢”. The value of ¢
varies based on the type of strength required (ACI-Code 9.3.1).

1- Tension —controlled sections....... ¢$=09

2- Compression-controlled sections:

» Members with spiral reinforcement.............. $=0.75
» Other reinforced members.............cocoeveneen ¢ =0.65
3- Shear & Torsion........cc.cocveninnnne $¢=0.75

Generally, the required strength should be less than or equal to the design strength.
MuSoMn, PugéPu, Vi< Vo

4.3 Stress & Strain Distributions

Using the ultimate (strength) method, it is assumed that the strain distribution will
be linear and this is approved experimentally even in failure state. While the stress

distribution continue linear until approximately 0.5 /. After that it will be non-linear.

The actual stress distribution is unknown up to now because the concrete stress-
strain curve depends on several factors like the concrete strength, loading speed,....etc. The

ACl-code adopts parabolic shape for stress distribution as shown below.

( The most important thing in the analysis and design is: w

1- The total concrete compressive force, C.

2- The location of C with respect to the compressive fiber.




4.2 Basic Concepts

()
0.0

)
L X4

9
0.0

Service Loads: The loads that actually applied to the structure like dead load, live

loads, wind loads,....etc.

actored (Ultimate) Loads: The loads result from multiplying the service loads by
the safety factors.

Design Forces & Moments: The forces and moments result from the ultimate loads
like the design bending moments (M), design shear force (V.), design axial force
(Pu) and design torsional moment (T\,) and also can be called factored forces and

momenits.

Required Strength: It is the strength to be provided by the section and equal to the
design forces and moments. So, the required strength for bending will be My and

the same for other strengths.

Nominal Strength: The section capacity calculated based on the strength of
material theory and code requirements. It represents the maximum section strength
and theoretically equal the strength at which the section fails and denoted by the
nominal strength (Mn, Vi, P, Tn).

Design Strength: The section capacity that has been adopted in both analysis and
design and is equal to the nominal strength multiplied by a factor less than one called
strength reduction factor. This is because the approximation in analysis and design

and the Uncertainty of materials strengths.



4.2.4 Logd Factors
The required strength U to be provided to resist both dead and live loads is
(ACI-Code 9.2.1):

U=12D+16L oo, (4-3)
U=12D+16L+05(LrorSorR)..................(4-4)
U=12D+1.6(LorSorR)+(1.0L or 0.5 W).......(4-5)
U=12D+10W+1.0L+0.5(L-orSorR)........(4-6)
U=12D+10E+10L+02S....ccccurrvrnrrnnnnen 4-7)

Where :

U = Required Strength
D =Dead Load

L =Live Load
L-=RoofLive Load
S'= Snow Load

R =Rain Load

W = Wind Load

E = Earthquake Load

Notes:
1. The live load factor in Equs. (4-5) to (4-7) shall be permitted to be reduced to 0.5

except for garages, area occupied as places of public assembly, and all area where

L is greater than 4.8 KN/m?,

2. Where W is based on service level wind loads, 1.6 W shall be used in place of 1.0
W in Equs. (4-6) & (4-8).

3. Where E is based on service load forces, 1.4 E shall be used in place of 1.0 E in
Equs. (4-7) & (4-9).



The total concrete compressive force can be expressed as:

O 7 X O PO (4-10)
Where:

fav. = average concrete compressive stress.
b = section width.

¢ = neutral axis depth.

Equ. (4-10) can be written as:

Where o, is the ratio between average compressive stress and the compressive strength

(fav/fe)

The location of the Total concrete compressive force can be designated as pc, where
B is the ratio between the compressive force depth and neutral axis depth. From

experimental results, the values of o as follows:

For ;<30 MPa,.............. =>a=072

For /7> 30 MPa....... = ¢, will be reduced by 0.04 for every 7 MPa increase in f
but not less than 0.56.
0.56 <a<0.72

Also, from experimental results, the values of B as follows:

For f:<30 MPa,.............. = p=0.425

For fz>30 MPa....... = B will be reduced by 0.025 for every 7 MPa increase in f¢
but not less than 0.325.
0.325 <p <0.425




Yfc=0.85f%

[e—

Stress Distribution

Rectanqular Stress Distribution

o - . -

€v=0.003

Strain Distribution

The analysis of some sections become complex using the above (parabolic) stress

distribution. Therefore, a uniform shapes shall be adopted to approximate the stress

distribution. The AClI-code proposed a rectangular distribution previously proposed by

Whitney in condition that the compressive force and its location is the same.

If the depth of the Whitney stress block is a, then:

The values of both y and B can be determined in terms of o and p and since the location

of the resultant force is the

same for both cases;

a/2=Bfc = .a=2fc = Pic=2Ppc=>)p=28.]...(4-15)

Substitute in Equ. (4-12) results:

afebe=yfipich =

y =0,/ =0.85(constant)}...........

Also, from experimental results, the values of p; as follows:

For /. <30 MPa,....



b= zo0n gy & (4-20)
Substitute in Equ. (4-19) results:
_ fe 600
pp = 0.850; fy 00afy [ (4-21)

4.4.2 Under-Reinforced Concrete Beams

Beams in which the steel reinforcement is less than those causing the balanced failure, i.c.,

p=As/bd <p, here......... c<cp and & > gy
This failure occurs when the steel reinforcement reaches fy first. After that the
neutral axis lower and the concrete strains increases until reaches 0.003 followed by

crushing of concrete as shown in the figure below. This kind of failure is called “Tension

Failure”.
€y =0.003
Cb
€s =€y € > €y
Balanced Reinforced Beam Under-Reinforced Beam Over-Reinforced Beam

Strain distributions for different types of reinforced beams.

10



In order to find the ultimate design strength, ¢M,, the nominal design moment, M,

calculated using Equs. (4-22) to (4-24) is multiplied by the strength reduction factor, ¢

’

calculated based on the value of steel strain, ¢,

1- Qver-Reinforced Beams:

When p > py, the beams will be over-reinforced and the steel stress, fs, will equal unknown.

The equilibrium equation will be:
C=T,=085/5ab=Asfs, = 0.85 5 B1DC wovovvvrrrreriririrrrenrennn, (4-25)

In the above equation (4-25), there are two unknowns (¢ and f5), so, it is important to

develop another equation relating ¢ and fs. From strain distribution:

8u 55 =C
L=zX o . =—¢
c d-c’ § c U

fy = &Ey =g F, = 600 =, where 6, = 0.003 and Es = 200,000 MPa.
Substituting f: in equilibrium equation (4-25) to get 2™ order equation in terms of c. Then

solve for ¢ and then find a=Pic and f; = 600 d—:-c. Then the design moment strength (My)

is calculated using Equs. (4-22) to (4-24) in condition that f, to be replaced by fs.

In this case, an equation to calculate the value of ¢ can be derived in terms of:

c=Kud,| Ky can be calculated as follows:

C=T,=>0.85f,ab= A, fs, = 0.85 % B1 bc = pbd £ = 0.85 /% p1 bK. d

g =dC, _d-Kyd  _ 1-Ky
ST ¢ U Kd ¥ Ky

€y

1;" % where £, = 0.003 and Ex = 200,000 MPa.
u

f; = &Es = =% g,E; = 600
u
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4.4.3 Over-Reinforced Concrete Beams

Beams in which the steel reinforcement is greater than those causing the balanced failure,

ie, p=As/bd > py, here......... ¢>Cp and & <gy.

Normally, the failure occurs by crushing of concrete as it reaches ultimate strain (¢y =
0.003) before the steel reaching the yield strength, fy. This kind of failure is known as
“Compression Failure”. This failure is happened suddenly without previous warnings.
Thus, the ACI-code does not allow this kind of failure to happen by designing the beams

to be under-reinforced always.

4.5 Practical Consideration in Beams Design

1- Beam Selfweight Estimation: If the section size is assumed for analysis purposes, it will
be used then for selfweight estimation. For design purposes, if there is no information about
the section size, it will be assumed based on experience and used to calculate the beam

selfweight. This assumption has to be checked after getting design results.

2- Beam Section Aspect Ratio: If there are no architectural requirements or other

restrictions, the favorite economical aspect ratio (effective depth/width) is between 2 to 3.

3- Concrete Cover: Concrete cover must be provided to protect steel reinforcement from

the surrounding exposure, fire and to provide enough bond between concrete and steel. The

minimum concrete cover based on ACI-Code (7.7.1) are:

(a): Concrete in cast against & permanently exposed to soil........... 75 mm
(b): Concrete exposed to earth or weather:
e Wall panel, slabs & JOistS........c.cccverniiviiniiiiiiiininninnn 25 mm

LI 0 1117- 1172 1110]= v TN 40 mm
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3- Minimum Steel Ratio: In addition to tension and compression failure, there is another

type of failure happened in under-reinforced beams. If the beam bending moment capacity

is less than the cracking moment, a sudden beam failure will occur without any advanced

warnings.

To avoid the above kind of failure, the ACI-Code (10.5) specify minimum steel ratio
to be:

_ Asmin _ 025/fcbyd 1
p min bwd fy * bw d

Where:
bw = the web width for T-section and equals to b for rectangular section.

Generally, to ensure tension failure rather than compression or cracking failure, the

reinforcement ratio must be:

Based on the ACI-Code, the above limitation can be neglected if the provided steel
reinforcement is greater than the required amount by one-third and this will results to less

reinforcement for large sections.

The minimum steel ratio derived above is not applicable to structural slabs and

footings. The minimum steel ratio for them will be the temperature and shrinkage one.

16



4.6 ACI-Code Provisions for Under-Reinforced Beams
There are three main provisions:
1- Maximum Steel Ratio: This ratio can be calculated by two methods:

(a): Direct Method: by adopting steel ratio less than py that results in a net tensile strain in
extreme tension steel at normal strength of 0.00376. The limit of 0.004 is slightly more
conservative ( ACI-Code 10.3.5).

[pmax =0.75 Pb } ......................................................... (4-10)

(b): Indirect Method: by limiting the minimum strain in extreme tension steel, (). The

extreme distance designated as (di). From the strain distribution:

If the steel reinforcement lies in one layer, d; = d. For more than one layer, di> d. In this
derivation, it is assumed that d; ~ d.

To ensure tension failure, ACI-Code (10.3.5) states that for members with factored axial

compressive load < 0.1 fc Ag, & at nominal strength shall not be less than 0.004.
&2 0.004

To develop equation for pmax that cause steel strain of 0.004 using the same principle for

derivation of po.

--------------------------------------------------------
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Substitute ¢ in equ (4-13) in to equ. (4-12):
p=0. 85ﬁ e et aaaas 4-14)

Substitute the minimum strain value (g, = 0.004) results:

{pmax = O 8531 fy £u+0 004] .......................................... (4’15)

The least of equs. (4-10) & (4-15) to be the control.

2- Strength Reduction Factor (¢) Calculation: This factor depends on the type of failure.
In tension-controlled members, ¢ = 0.9, while for compression-controlled members,

¢ = 0.75 for members with spiral reinforcement and ¢ = 0.65 for other reinforced
members (ACI- Code 9.3.2).

(a) Tension — Controlled Members

Members with net tensile strain in the extreme tension steel, € > 0.005. In this case, the
strength reduction factor, ¢ = 0.9. The steel ratio that cause steel strain of 0.005 can be

calculated the same way as pmax and will be denoted as pi:

Pe = 08531 u+ooos

(b) Compression — Controlled Members

Members with net tensile strain in the extreme tension steel, € < 0.002. In this case, the
strength reduction factor, ¢ = 0.75 for members with spiral reinforcement and ¢ = 0.65 for

other reinforced members. & can be calculated by finding the compression zone depth, a,

and then the neutral axis depth, c using equ. (4-11).

14



4.7 Analysis & Design of Singly Reinforced Concrete Rectangular Beams
4.7.1 Analysis of Singly Reinforced Concrete Rectangular Beams

The analysis is to determine the nominal or ultimate moment strength as both the section

size of the beam together with the material properties are known or given. The analysis can
be carried out through evaluating the steel ratio, p, and compare it with the balanced steel

ratio, pb, and then classify the beams in to two kinds based on steel amount:

1- Balanced or Under-Reinforced Beams:

When p < pb, the beams will be either under-reinforced or balanced reinforced as
mentioned before. Here, the steel stress, fs, will equal to yielding strength, fy. The analysis

can be done by calculating the depth of the Whitney stress block, a, from equilibrium of

forces:
C=T ::»085f’ab=Asfyza=—is—fy.— ............................. 4-21)
> RS e ’ 0.85f; b
The nominal moment strength can be calculated by taking moment about compression
force center:
My = Asfy (d = 2] (4-22)

Or by taking moment about the tension force center:

[Mn = 0.85f. ab (d — %)] ........................................................ (4-23)
The nominal moment strength can be calculated also in terms of the actual steel ratio (p)
as:
_ Asfy _ pbdfy _ pdfy _ _9)\_ __pdfy
T 085f.b  085fb  085f; M = Asfy (d z) pbdf, (d (z)o.asfc)
My = pbd?f, (1-059p e (4-24)
M, y 7
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1Ky — .85/, B1 Ka

pbd ;= 0.85 f% p1 bKu d = pfs = 0.85 1% p1 Ku = p 600 %
u

600 1-K 600 1-K.
Ky =2 p 5 oy = =m. e k2= pm(1-
U~ 0gst, B, P Ky let {m 0857, 31] Ku m.p Ky’ Ki=pm(-K,)

K, = J ("7"‘)2 Fpm =BT (4-26)

4.7.2 Design of Singly Reinforced Concrete Rectangular Beams
The design is to determine the appropriate section size and the required
reinforcement amount as both the applied service load together with the material properties

are known or given.

CASE # 01: Section size or part of it is unknown

1- Calculate the design bending moments (M,) from structural analysis after including the
beam selfweight by assuming the section size.

2- Calculate both the maximum steel ratio (pmax) and the minimum steel ratio (Pmin)-

3- Select the required steel ratio (p) such:  Pmin <P < Pmax . It is recommended to select

p < pr to get the maximum strength reduction factor (¢ = 0.9) allowed.

4- Determine the section dimensions (bd?) using: M, = pbd?f, (1 -0.59% 7]:2)
c

5- Based on experience, assume either b or d to find the other dimension.

6- Calculate the required steel ratio (As = p bd) and the number of appropriate size steel
bars and spacing according to ACI-Code provisions.

7- Find the total beam depth (h) as follows:

h = d + 40 + (assumed stirrup size) + (assumed main bars size/2).......... If one layer.

h = d + 40 + (assumed stirrup size) + (assumed main bars size) + (spacing between main

bars/2)............. If two layer.
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CASE # 02: Section size is known

1. Calculate the design bending moments (M,) from structural analysis after including the
beam selfweight.

2. Calculate both the maximum steel ratio (pmax) and the minimum steel ratio (pmin).

3. The strength reduction factor (¢) will primarily assumed to be 0.9.

4. Determine the required steel ratio (p) as: M, = @M,, = @pbd? fy (1 0.59p 3 ) This

will give 2™ order equation in terms of p and can be solved as:

_ 2 - P fy . Mu -— -— _P&_
M, = Ppbd”f, (1 2+0.85 fc) HObE =0 0 = Phy (1 2+0.85 f’c)

— 7y
Let[q)bd? R andoasﬁ: ]then

2=
R = pf, (—ZBT-) —: 2R = 2pf, - p*fym

5. The assumed value of strength reduction factor (¢) to be checked as:
e Ifp<priccecccncnn The assumed value is OK (¢ = 0.9).
o Ifp>preevicnnnnens The value of ¢ will be less than 0.9. Therefore, the design
moment strength (¢My) will be less the design moment (M.). In this case, the
reinforcement has to be increased and calculate the value of ¢ form Equs. (4-17) and

(4-18) and then calculate ¢M, to make sure that ($Mxn = Mu).

6. Calculate the required steel ratio (As = p bd) and the number of appropriate size steel

bars and spacing according to ACI-Code provisions.
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Example (4-1):

A reinforced concrete rectangular beam of width b = 250 mm and effective depth of

d =460 mm has a compressive strength f'c = 20 MPa and reinforcement tensile strength
fy =300 MPa. Calculate the ultimate design bending moment for:

(a) : Steel area As = 2000 mm?,

(b) : Steel area As = 5160 mm?2.

(c) : the maximum design moment based on ACI-Code provisions.

Solution:

...................................................

0, = 0858, 2.2 = 0,85 (0.85) 22— = 0,032, B, = 0.85 since f’c <30 MPa.

fy 600+fy 300 ' 600+300
As 2000 _ - -
p=== ——=0.0174<pp=0.032 :>[the section is under-reinforced.
bd "~ 250 (460)

20 0.003

: = 0.018
300 0.003+0.005

— f_ fu
pe = 0.856; 2. — o = 0.85(0.85)

Since p=0.0174 <p,=0.018 ......=>|$ =09

A
_ sfy’ o _2000G300) _
0.85f,b  0.85(20)(250)

My = Asfy (d - 2) = 2000 (300) (460 — =) + 1076 = 2337 kN.m

2
Also, M, can be calculated using Equs. (4-23) and (4-24):

M, = 0.85f, ab (d - 2) = 0.85(20)(141)(250) (460 - 2) x 1076=233.4 kN.m

300

300 -6
20*10

My = pbd?f, (1-059 ?f!) = 0.0174(250)(460)2(300)(1 — 0.59(0.0174))

=233.6 kN.m

.—.—.

My=¢My=0.9(233.7)= I 210kN.m |
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................................................................................................................

The maximum design moment based on ACI-Code provision will be determined based on

maximum steel ratio allowed by the code.

20 _ 0003 (o

£,+0.004 300 °0.003+0.004

pmax=o.85ﬁ1§. & __ _ 0,85(0.85)
Yy

As (max) = pmax bd = 0.0206 (250)(460) = 2369 mm?

_Asfy _ 2369(300) _ e _
a—o.BSf,;b—o.BS(zo)(ZSO)_ 167 mmjc = a/B; = 167/0.85 = 196.5 mm

Since p =0.0206 > p=0.018 ....... = g must be calculated using Equ. (4-11)

460-196.5
196.5

& = £, %75 = 0.003 =0.0040
Cc

Since 0.002 < & = 0.0040 < 0.005...= ¢ must be calculated using Equ. (4-18)

0 = 0.483 + 83.3 ¢, = 0.483 + 83.3 (0.0040) <{0.816

My = Agf, (d -5) = 2369 (300) (460 - 27} + 106 = 267.6 k.

Also, M, can be calculated using Equs. (4-23) and (4-24):

M, = 085f, ab (d - ) = 0.85(20)(167)(250) (460 - £7) £ 1076=267.2 kN.m

2
M, = pbd?f, (1 ~0.59 %) = 0.0206(250)(460)2(300)(1 - 0.59(0.0206)) > * 10
=267.3 kN.m

M. = ¢ My =0.816 (267.6) = |218.36 kN.m,

e+ e e
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Example (4-2):

Check the adequacy of the given beam based on bending requirements if the service dead
load (including beam selfweight) = 8 kN/m and the service live load = 18 kN/m. Note that

the concrete compressive strength f'c = 35 MPa and reinforcement tensile strength
fy =300 MPa. —

4 . o
I y
W (kN/m) g 3-¢25 g
5 Stirrups §
’ 3.0m *l o support X
| L2 X
Solution: e320mm ,,

Since f'c =35 MPa > 30 MPa, = J, can be calculated from Equ. (4-17) as:
Bl 0.85-0.05 (f=—30)/7 = 0.85-0.05 (35-30)/7=]0.81

= 3 (n(25)%/4) = 1473 mm?
Ag 1473

= bd_ 350 (600) =0.007
- fo _600 _ 35
pp =0. BSﬁlf 500+, 0.85 (0. 81) 300 " 2001300 = 0.0536

Since p = 0.007 < p» = 0.0536 = | the section is under-reinforced.

0.003

pe=0. 85/31 £y +0. yoos = 085(0. 81) 3, 300" 0.003+0005 _ 003

Since p = 0.007 < pr=0.003 ......=|$ =09

My = pbd?f, (1-059 f) 0.007(350)(600)*(300)(1 — 0.59(0.007)) 52 « 106

=255.2kN.m

» Section capacity (My) = 0.9 (255.2)=[ 229.7 KN.m
Wo=12D+1.6L=12(8)+ 1.6 (18) = 38.4 KN/m
» Design moment (Mu) = W, L%/2 = 38.4 (3)%2 =|178.8 KN.m

Since My = 178.8 < ¢M; = 229.7 = The given section is adequate.
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o M, =0pbd’f, (1-059p2)
1296 x10° = 0.9 (0.016)bd?(400) (1 - 0.59(0.016) 222) = 5,035 be?

- bd?=25.74 x 106
[Select beam width to be 250 mm, d? = 25.74 x 106/ 250 = 102.96 x 103]

d =321 mm = say 320 mm

¢ Find the required steel area, As = p bd = 0.016 (250)(320) = 1280 mm?
Use ¢ 25 mm diameter bars, (Ab= 491 mm?)
No. of bars = 1280/491 = 2.61=> say 3

.. use 3-¢ 25 mm diameter bars

Check the adequacy of the calculated beam width for the number of steel bars.
Required width = 40+40+10+10+3 (25)+(3-1)(25) = 225 mm
Provided width = 250......0K ©

Calculate the total beam depth (h) as: (assume one layer of reinforcement)

h=d+40+10+12.5=320+62.5 =383 mm = say 400 mm

Stirrups E

support

400 mm

3-9 25
a0 &

250 mm
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Example (4-4):

Determine the reinforcement required for a beam of width b = 300 mm and total depth
h =700 mm under service dead load moment (including beam selfweight) = 100 kN.m and
service live load moment = 150 kN.m. Note that the concrete compressive strength

f'c = 20 MPa and reinforcement tensile strength f, = 400 MPa.

Solution:

¢ Calculate the ultimate design moment (M,):
Mu=12Mag+ 1.6 ML =1.2 (100) + 1.6 (150) =} 360 kN.m

¢ Calculate both pmax and pmin:

fe 600
Py = 085ﬁ1f 500+, = 0.85 (085)

=0.0217, 1 = 0.85 since f'c < 30 MPa.
400 ' 600+400

0.003
400 ' 0.003+0.004

Prax = 0. 85B1 S = 0,85(0.85)

=10.0155 (control)

Jfe 14 _ 20
Pmin = 4fy >fy—4(400)

= 0.00280 > [ 0.0035 (control)

o The strength reduction factor (¢p) will primarily assumed to be 0.9.
o (Calculate steel ratio as :
d =700-40-10-12.5 = 637.5 mm=> say d = 635 mm

My _  360x10° =33 m= fy 400
@bd>  09(300)(635)° 085f,  0.85(20)

1 _2mR 2(23.53)(3.3)
p—;(l-,l )-2353( J1 =2 ) 0.0093

Since pmin = 0.0035 < p = 0.0093 < pmax = 0.0155.....=> Design is OK ©

=23.53
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As=p bd =0.0093 (300)(635) = 1772 mm?

* Re-check the assumed value of ¢ as :

oy = 0.856, %2, —Eu_ = 0.85(0.85)-2%, 0003

. = 0.0136
fy €,+0.005 400 0.003+0.005

Select p = 0.0093 < py=0.0136.....=> Assumption is OK ©
Find the number and arrangement of steel bars.

Use ¢ 25 mm diameter bars, (As = 491 mm?)

No. of bars = 1772/491 = 3.61= say 4

. use 4-¢ 25 mm diameter bars

Check the adequacy of the calculated beam width for the number of steel bars.
Required width = 40+40+10+10+4 (25)+(4-1)(25) = 275 mm
Provided width = 300......0K ©

]

Stirrups
support

700 mm

4- 25

heeo

300 mm

A
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4.8 Analysis & Design of Singly Reinforced Concrete Rectangular Beams
Using Tables

Sometimes, in order to make easy the analysis and design of singly reinforced concrete
rectangular beams, special Tables can be used that represent the solutions of design and

analysis equations. Those Tables can be constructed using Equ. (4-24) as follows:

M, = pbd?f, (1 ~0.59p f&) AT

=k and pl-

f bd2

Equ. (4-28) becomes:
k=0 (1-0.59 @)..cuovniiiiiniiiiiiieiie e creeaas (4-29)

By selecting values for o, the corresponding values of k can be calculated. This will
results in a relation between the nominal strength and the steel ratio as listed in the Table

below.

The first row and column represent the values of ®, while the remaining cells

represent the values of k. Knowing that the value of ® consists of three digits composed of

the values in the 1*' column plus those in the 1% row.
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5 @ | G, i 1 0L

13013 [ 03015 ]

Gm.‘ﬁm5* |

E s‘& tmsz |

63072 |

03077 | 03082 aam_,w

03068 | 03103 |
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Example (4-5):

Repeat Example (4-1) when the provided steel reinforcement = 2000 mm? using tables.
Solution:

After calculating the value of steel ratio: p =0.0174

W= p% = 0.0174 220261 =026 + 0,001

Using the table, the corresponding value of k = 0.2208

Mn
febd?

=k, M, = kf.bd? =0.2208 (20) (250)(460)* x 106 = 233.6 kKN.m

The rest can be calculated as in Example (4-1).

Example (4-6):

Repeat Example (4-3) using tables.
Solution:

After calculating the value of steel ratioo p = 0.016 and the design moment:

My=129.6 kN.m

W= p% = 0.016 22=0.213=0.21+0.003

Using the table, the corresponding value of k = 0.1862

Mn _ 2 _ Mn _ 1206x10°/09 _ 6. 3
=k bd? = 2t = RO <0578 x 10°mm

The rest can be calculated as in Example (4-3).

31



Example (4-8):

Repeat Example (4-4) using tables.
Solution:

After calculating the value of the design moment: My = 360 kKN.m

M, _ 360x10%/0.9

k= f.bd? ~ 20(300)(635)2

=0.1653, the nearest value is 0.1656

Using the table, the corresponding value of o = 0.186

_ By _ wfe _ 0.186(20) _
w —pfc -p= 5 o 400 0.0093

The rest can be calculated as in Example (4-4).
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