
Asst. Lect. Haider Qais
MUC 2021-2022

1

FINITE DIFFERENCE

:خطوات الحل

ومنها نطبق ارقام القالب الخاص  hنجد قيمة -

بالمشتقة للسؤال

عة المسألةنجد الشروط الحقيقة والثابتة والمحيطة بطبي-
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FINITE DIFFERENCE

solving differential equations by approximating derivatives

In numerical analysis, finite-difference methods (FDM) are a class of numerical techniques for

solving differential equations by approximating derivatives with finite differences. Both the spatial domain and

time interval (if applicable) are discretized, or broken into a finite number of steps, and the value of the solution

at these discrete points is approximated by solving algebraic equations containing finite differences and values

from nearby points.

Finite difference methods convert ordinary differential equations (ODE) or partial differential equations (PDE),

which may be nonlinear, into a system of linear equations that can be solved by matrix algebra techniques.

Modern computers can perform these linear algebra computations efficiently which, along with their relative

ease of implementation, has led to the widespread use of FDM in modern numerical analysis.[1] Today, FDM

are one of the most common approaches to the numerical solution of PDE, along with finite element methods.[1]

https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Finite_difference_approximation
https://en.wikipedia.org/wiki/Discretization
https://en.wikipedia.org/wiki/Ordinary_differential_equations
https://en.wikipedia.org/wiki/Partial_differential_equations
https://en.wikipedia.org/wiki/Nonlinear_partial_differential_equation
https://en.wikipedia.org/wiki/System_of_linear_equations
https://en.wikipedia.org/wiki/Linear_algebra
https://en.wikipedia.org/wiki/Finite_difference_method#cite_note-GrossmannRoos2007-1
https://en.wikipedia.org/wiki/Finite_element_method
https://en.wikipedia.org/wiki/Finite_difference_method#cite_note-GrossmannRoos2007-1
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FINITE DIFFERENCE
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Brief of Pattern

1- First derivative

2- Second derivative
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Numerical integrations
:خطوات الحل

نستخدم الجدول ادناه مع الانتباه الى عدد النقاط المأخوذة-

من الجدول وتضرب في كل حد من حدود wناخذ قيمة -

التكامل في السؤال

بما يساويها من الجدولxنعوض قيم -
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Numerical integrations
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Numerical integrations
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Numerical integrations
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Numerical integrations

:خطوات الحل

1لغية 1-نستخدم الجدول ادناه مع الانتباه الى عدد النقاط المأخوذة في حال كون الحدود ليست من -

من الجدول وتضرب في كل حد من حدود التكامل في السؤالwناخذ قيمة -

بما يساويها من الجدولxنعوض قيم -
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Numerical integrations
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LINEAR INTERPOLATION
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:الحل باستخدام الحاسبة العلميةخطوات 

- Setup
- Statistics
- Y=a+bx
- Insert data for x and y (the actual)
- AC (bottom)
- Enter the required number then OPTN then Regression then Ý

X Y

2 6

3 8

Ex: fin the value of y when x=2.5
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GREGORY- NEWTON FORWARD INTERPOLATION
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:خطوات الحل

hوتمثل  xومعرفة قيمة الزيادة في معلومات قيم أكمال الجدول-
Pاو Uاكمال الجدول  وتقدير الحل هو هو تقدمي او رجوع وبعدها ايجاد -
طبيق القانون ت-

جمع Backward طرح Forward
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Ex: find the value of y at x=21 from the following data

X Y y 
2y 

3y

h= 3

0.342

0.3907

0.0487

0.0477

20

23

26

29

0.0464

-0.001

-0.0013

-0.0003

0.4384

0.4848

U=(x-Xo)/h
=(21-20)/3
= 0.3333X0

X1

X2

X3

Y(21) = 0.3420+(0.3333)(0.0487)+0.5*(0.3333)(0.3333-1)(-0.001)+(1/6)(0.3333(0.3333-1)(0.3333-2)(-0.0003)
Y(21) = 0.3583 

F بسبب قرب قيمة المطلب

من البداية يفضل الاخذ 

Forward Interpolation
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GREGORY- NEWTON BACKWARD INTERPOLATION
Ex: find the value of y at x=28 from the following data

U=(x-Xo)/h
=(28-29)/3
= -0.3333X0

X1

X2

X3

Y(28) = 0.484+(-0.3333)(0.0464)+0.5*(-0.3333)(-0.3333+1)(-0.0013)+(1/6)(-0.3333(-0.3333+1)(-0.3333+2)(-0.0003)
Y(28) = 0.4695

X Y y 
2y 

3y

X من السؤال 28

h= 3 u= -0.33333

0.342

0.3907

0.0487

0.0477

20

23

26

29

0.0464

-0.001

-0.0013

-0.0003

0.4384

0.4848

F بسبب قرب قيمة المطلب من

النهاية يفضل الاخذ 

Backward Interpolation
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Example: What will be the population in 1925 as per following data table

Solution
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Syllabus

• Curve fitting Interpolations
• Curve least square regression
• Numerical integration
• System of linear equations
• Solution of non linear equations
• Solution of differential equations
• Numerical solution of ordinary differential equations
• Numerical solution of partial differential equations
• Finite difference method
• Foureir series

2



References

• Advanced numerical and engineering analysis, wylie

• Advanced engineering mathematics", erwine
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Curve fitting Interpolations

Approximation and Interpolation

Suppose that by experiments or observations, the following data are 
given

4

Polynomial interpolation
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1-Newton's Divided Difference Formula

:خطوات الحل

نكمل الجدول -

نطبق القانون-



Ex1: Fit the following data

6

x F(0) f(0,1) F(0,1,2) f(0,1,2,3) f(0,1,2,3,4)

-1 13

5 67

0

1

2

4

15

13

33

1

-2

10

34

-1

4

8

1

1

F(x)=13+[(x-(-1))*(1)]+[(x-(-1))*(x-1)*(-1)]+[(x-(-1))*(x-1)*(x-2)*(1)]+0

X0

X1

X2

X3

X4

F(x) =13+[x+1]+[(x+1)(x-1)(-1)]+[(x+1)(x-1)(x-2)]
F(x) = 13 + x +1 – x2 + 1 +x3 -2x2 –x + 2 
F(x) = 17 - 3x2+ X3

X2-1
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HW: find the polynomial when X=4.5



2-Newton-Raphson method or open method

8

القيمة الابتدائية دالة السؤال مشتقة دالة السؤال
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:خطوات الحل

نساوي المعادلة الى الصفر و نشتق الدالة-

نعوض القيمة الابتدائية المفروضة-

نطبق القانون-

الحاسبة العلمية  

RADIAN
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Ex2: 
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Ex3: assuming c=2 and initial value is 1.5
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Systems of Linear
Equations:

بنى عبد الرحمن خضير . د ل

حيدر قيس. م.م

The Gauss-Jordan Method



Systems of Linear 
Equations:



Row-Reduced Form of a Matrix

Each row consisting entirely of zeros lies below all rows having 
nonzero entries.

The first nonzero entry in each nonzero row is 1 (called a leading 1).

In any two successive (nonzero) rows, the leading 1 in the lower row 
lies to the right of the leading 1 in the upper row.

If a column contains a leading 1, then the other entries in that column 
are zeros.

Row Operation

1. Interchange any two rows.

2. Replace any row by a nonzero constant multiple of itself.

3. Replace any row by the sum of that row  and a constant  multiple 
of any other row.



Terminology for the
Gauss-Jordan Elimination Method

Unit Column

A column in a coefficient matrix is in unit form   if one of the entries in the column 
is a 1 and the other entries are zeros.

Pivoting

The sequence of row operations that transforms a given column in an augmented 
matrix into a unit column.

Notation for Row Operations
Letting Ri denote the ith row of a matrix, we write

Operation 1: Ri↔ Rj to mean: Interchange row i with row j.

Operation 2: cRi to mean: replace row i with c times row i.

Operation 3: Ri + aRj to mean: Replace row i with the sum of row i and a times row j.



Example
Pivot the matrix about the circled element

Solution

3 5 9

2 3 5
 

 
 
 

3 5 9

2 3 5
 

 
 
 

1
13

R 5
3

31

52 3
 

 
 
 

2 12R R− 5
3

1
3

1 3

0 1
 

 
 

− − 



The Gauss-Jordan Elimination 
Method

1. Write the augmented matrix corresponding to the linear system.

2. Interchange rows, if necessary, to obtain an augmented matrix in which the first 
entry in   the first row is nonzero. Then pivot the matrix about this entry.

3. Interchange the second row with any row below it, if necessary, to obtain an 
augmented matrix in which the second entry in the second row is nonzero. Pivot 
the matrix about this entry.

4. Continue until the final matrix is in row-reduced form.



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

3 2 8 9

2 2 1 3

1 2 3 8

  

− 
 
−
 
 − 

1 2R R+

Toggle slides back and forth 
to compare before  and 

after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 9 12

2 2 1 3

1 2 3 8

  

 
 
−
 
 − 

2 12R R+

3 1R R−

1 2R R+

Toggle slides back and forth 
to compare before  and 

after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 9 12

0 2 19 27

0 2 12 4

  

 
 
 
 − − 

2 12R R+

3 1R R−
Toggle slides back and forth 

to compare before  and 
after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1
22

R

1 0 9 12

0 2 12 4

0 2 19 27

  

 
 

− −
 
  

Toggle slides back and forth 
to compare before  and 

after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1
22

R

1 0 9 12

0 1 6 2

0 2 19 27

  

 
 

− −
 
   3 2R R−Toggle slides back and forth 

to compare before  and 
after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 9 12

0 1 6 2

0 0 31 31

  

 
 

− −
 
  

1
331

R
Toggle slides back and forth 

to compare before  and 
after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 9 12

0 1 6 2

0 0 1 1

 
 

− −
 
  

  

1 39R R−

2 36R R+
Toggle slides back and forth 

to compare before  and 
after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 0 3

0 1 0 4

0 0 1 1

  

 
 
 
  

2 36R R+

1 39R R−

Toggle slides back and forth 
to compare before  and 

after matrix changes



Example
Use the Gauss-Jordan elimination method to solve the system of equations

Solution

The solution to the system is thus x = 3, y = 4, and z = 1.

3 2 8 9

2 2 3

2 3 8

   

x y z

x y z

x y z

− + =

− + + =

+ − =

1 0 0 3

0 1 0 4

0 0 1 1

  

 
 
 
  



5.3
SYSTEMS OF LINEAR EQUATIONS:

UNDERDETERMINED AND OVERDETERMINED 
SYSTEMS

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 2 3 2

3 1 2 1

2 3 5 3

  

− − 
 

− −
 
 − − 

1

x z

y z

=

= −

0

1

  x z

y z

− =

− = −



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 2 3 2

3 1 2 1

2 3 5 3

  

− − 
 

− −
 
 − − 

2 13R R−

3 12R R−

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations 
with an Infinite Number of Solutions
Solve the system of equations given by

Solution

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 2 3 2

0 7 7 7

0 1 1 1

  

− − 
 

−
 
 − 

2 13R R−

3 12R R−

1
27

R−

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 2 3 2

0 1 1 1

0 1 1 1

  

− − 
 

− −
 
 − 

1
27

R−

1 22R R−

3 2R R+

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 0 1 0

0 1 1 1

0 0 0 0

  

− 
 

− −
 
  

1 22R R−

3 2R R+

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

Observe that row three reads 0 = 0, which is true but               of no use to us.

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 0 1 0

0 1 1 1

0 0 0 0

  

− 
 

− −
 
  



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

This last augmented matrix is in row-reduced form.

Interpreting it as a system of equations gives a system of two equations in 
three variables x, y, and z:

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1 0 1 0

0 1 1 1

0 0 0 0

  

− 
 

− −
 
  

0

1

  x z

y z

− =

− = −



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

Let’s single out a single variable –say, z– and solve for x and y in terms of it.

If we assign a particular value of z –say, z = 0– we obtain   x = 0 and y = –1, giving the 
solution (0, –1, 0).

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1

x z

y z

=

= −

0

1

  x z

y z

− =

− = −

(0) 0

(0) 1 1

= =

= − = −



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

Let’s single out a single variable –say, z– and solve for x and y in terms of it.

If we instead assign z = 1, we obtain the solution (1, 0, 1).

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1

x z

y z

=

= −

0

1

  x z

y z

− =

− = −

(1) 1

(1) 1 0

= =

= − =



A System of Equations 
with an Infinite Number of Solutions

Solve the system of equations given by

Solution

Let’s single out a single variable –say, z– and solve for x and y in terms of it.

In general, we set z = t, where t represents any real number (called the parameter) to 
obtain the solution (t, t – 1, t).

2 3 2

3 2 1

2 3 5 3

    

x y z

x y z

x y z

+ − = −

− − =

+ − = −

1

x z

y z

=

= −

0

1

  x z

y z

− =

− = −

( )

( ) 1 1

t t

t t

= =

= − = −



A System of Equations That Has 
No Solution

Solve the system of equations given by

Solution

1

3 4

5 5 1

  

  

    

    

x y z

x y z

x y z

+ + =

− − =

+ + = −

1 1 1 1

3 1 1 4

1 5 5 1

  

 
 

− −
 
 − 

2 13R R−

3 1R R−
Toggle slides back and forth 

to compare before  and 
after matrix changes



A System of Equations That Has 
No Solution

Solve the system of equations given by

Solution 1 1 1 1

0 4 4 1

0 4 4 2

  

 
 

− −
 
 − 

2 13R R−

3 1R R−
3 2R R+

1

3 4

5 5 1

  

  

    

    

x y z

x y z

x y z

+ + =

− − =

+ + = −

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations That Has 
No Solution

Solve the system of equations given by

Solution 1 1 1 1

0 4 4 1

0 0 0 1

  

 
 

− −
 
 − 

3 2R R+

1

3 4

5 5 1

  

  

    

    

x y z

x y z

x y z

+ + =

− − =

+ + = −

Toggle slides back and forth 
to compare before  and 

after matrix changes



A System of Equations That Has 
No Solution

Solve the system of equations given by

Solution

Observe that row three reads 0x + 0y + 0z = –1 or 0 = –1!

We therefore conclude the system is inconsistent and has   no solution.

1 1 1 1

0 4 4 1

0 0 0 1

  

 
 

− −
 
 − 

1

3 4

5 5 1

  

  

    

    

x y z

x y z

x y z

+ + =

− − =

+ + = −

 If there is a row in the augmented matrix containing all zeros to the left of the vertical line 
and a nonzero entry to the right of the line, then the system of equations has no solution.
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