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On first countable and minimal topological spaces

Gameel Mahmoud Games * Naji Muttar Saheab*

ABSTRACT

In this paper, we study the concept of minimal topological
gpaces and itsrelation with first countable space, we prove that
if X is first countable completely regular space, then the
following are equivalent.

X isfirst countable and minimal completely regular space.

X isfirst countable and completely regular — closed space.

A first countable and minimal Urysohn is semi regular and

Let {x(n):n € M} be a collection of a topological spaces and
X =1 x(n), then X isfirst countable and Hausdorff — closed if
and only if each x(n) isfirst countable and Hausdor ff — closed.
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I ntroduction

If p is property of topologies a space(x, 1) iscalled minimal
p or p-minimal if 1 has property p but no topology on x which is
strictly weaker than t hasp . (x, 1) is p-closed if T has property p
and (x, 1) is closed subspace of every p-space in which it can be
embedded .

Minimal p and p-closed spaces have been investigated for
the cases p=Hausdor ff, Regular, Urysohn, completely Hausdorff.
A well known result isthat for any of these properties a compact
p-space is minimal p. the concept of minimal topologies was fir st
introduced in 1939 by A.S. Parhomenko when he showed that
compact Hausdorff are minimal Hausdorff spaces in 1947 A.
Ramanathan gave all characterization of minimal Hausdorff
spaces, In his book " Topological structures® W.j. Thron proved
that a first countable, Hausdorff countable compact space is
minimal first countable Hausdor ff space.

Definition 1[6]

A filter base on a topological space is called open (closed)

provided that the setsbelonging to it are open (closed)
Definition 2[6]

A regular filter base is an open filter base which is equivalent

with a closed filter base.
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Definition 3[6]

A topological space X is feebly compact if every countable open

filter base hasan a adherent point .
Definition 4[6]

Let .(X, 1) be topological space and A | X the intersection of all
closed supper sets of A iscalled the closure of A which is denoted
by CI(A)

Definition 5[6]

Let .(X, 1) betopological spaceand A | X, Appoint xe Xis said to be
an interior point of A if and only if A isaneighborhood of x.
The set of all interior points of A are called the interior of A
which isdenoted by Int (A).
Definition 6[7]

Given aspace (X, 1) {Int1cl 1 T/Te1}isabasefor atopology
1son X .(X, 1) iscalled semi regular if 1s=1
Definition 7[7]

A topological space (X, 1) issaid to beregular if and only if every
closed set F and every P£F there are digoint open setsG and H in
X such that FI G, PI H.
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Definition 8[6]

Let .(X, 1) be a topological space, we say that (X, 1} is completely
regular space if and only if for every closed set F i X, and for all
xe Xsuch that x& F there is continuous function f: X® [0,1] such
that f(x)=0 f[F]=1.

Definition 9[6]

Let .(X, 1) beatopological space, we say that Urysohn spaceif and
only if for all x,yl X such that x! y there are open sets G,H in X
such that Fi G, XT H.

Definition 10[6]

Let .(X, 1) be a topological space we say that (X, 1) is Hausdorff
space if and only if for all x,y T X such that xty there are digjoint
open sets G,H such that xI G, yl H.

Definition 11[6]

Let .(X,1) be a topological space we say that (X, 1) is first
countable space if and only if there is accountable local base at
each of its points.

Theorem 1[5]

Let X be a first countable Hausdorff space . the following are

equivalent
(DX isfirst countable and minimal Hausdor ff
(2)X issemi regular and feebly compact
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(3)Every countable open filter base on X which has a unique
adherent point is conver gent
Theorem 2[5]

Let (x, 1) be a first countable Hausdor ff space the following are
equivalent
(1) (x, 1) isfirst countable and Hausdor ff-closed
(2) (x, 1) isfeebly compact
(3) (X, 1 g) isfirst countable and minimal Hausdor ff
Theorem 3
Let X be first countable regular Hausdorff space .the following
are equivalent
(1) X isfirst countable and minimal regular
(2) Every countable regular filter base on X which has unique
adherent point is conver gent

(3)Every countableregular filter base on x has an adherent point.
(4) Every countableregular filter baseisfixed.
(5) X isfirst countable and regular closed
(6) X isfeebly compact .
(7) X isfirst countable and minimal Hausdor ff.
Proof:

proofs that (1)and (2) are equivalent ,that (3) and (5) are
equivalent and that (2) implies (3) in [5] and [4], (3) and (4)since
for any regular filter base 5, n £ ={ N B/BE [},in[8] proved that
regular spaceisfeebly compact if and only if (4)holds.
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if (4) holds then X satisfies (2) (Theoreml),Hence X is first

countable and minimal Hausdoff ,also its clear that (6)implies to
(Dby [1]

Definition 12[7]
An open filter base £ on a space X is called completely

regular if for each B € § thereexistaset C € f and continues
function f: X—[0,1] such that f (C) =0 and f(X-B) =1

Theorem 4

Let (x, ) be a completely regular space ,and let & be a
countable regular filter base on (X, 1) . fix a point peX and let r
be the topology on X which has a base t / (X-{P}) w{TuC / peT
,T€ 7 and CE 3} then 7' is a completely regular topology on X
which isstrictly weaker than ( X, 7 \)isfirst countableif and only if
(X, 1) isfirst countable.

Proof : we'll provethat r isa completely regular topology on
X which isstrictly weaker than . Since £ isregular filter base on
(X, ) is, £ has no adherent points thus (X, 7') is Hausdorff. also '
isweaker than 1 since 5 is an open filter baseon (X, 1) . if T isan
open neighborhood of P in (X, t) which isdigoint from aset C= 8
then T contains no neighborhood P in (X, 7)) therefore 7 ' is
strictly weaker that t .
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To prove that (X, 7)) is completely regular , consider a point
x £X and an open neighborhood N of x in (X, 7)

Casel : let x=p , since x is not an adherent point of & in
(X, 1) thereisan neighborhood M of x in X —{ P} therefore Ce [,
Mn C =0, let H= MnN, Since (X, t) iscompletely regular , There
isa continuesfunction

f: (X, ) = [0,1] which vanishesat x and f (X-H ) =0 hencef is
continuouson (x, 7)) , f(x) =0 and f (X-N) =1

case?2: let x=p .wechooseT £ rand C £ rand CE £ that
XxeT and N=TuC then there exist continues mapping f, of (X,1)
into [0,1] and a let D € § such that f (x) =0, f(X-T) =1 ,g(D) =0
and g(X-C) =1, let y=fa g Then h: (X,7) —=[0,1] Such that
h(x)=o0,h (X-N) =1
Theorem 5

Let X be a first countable completely regular space the
following are equivalent (1) X is first countable and minimal
completely regular (2) X isfirst countable and closed completely
regular (3) X ispseudo compact (4) X isfeebly compact (5) Every
completely regular filter baseon X fixed .

Proofs:
Toprove (1) implies(2) , let Y beafirst countable completely
regular space. Such that X< Y and support that g X . let D bea

countable fundamental system of open neighborhoods of g then
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£ =D/Xis countable completely regular filter base on X , so by
theorem (4) thereisapoint x eX and X =X.

Also (2) , (3), (5) areequivalent in [9] , it well known that (3)
and (4) are equivalent [7] , According to theorem [3]. (4) implies
that X is first countable and minimal Hausdorff thus (4) implies
(D).

Theorem 6
A first countable and minimal urysohn space (X, 1) is semi

regular .

Proof :-

Since (X, 1) is a urysohn space then (X, tg) is semi regular
space [10] , since s T and (X, o) is first countable if (X, 1) is
first countable , we must have = 15 if (X, 1) isfirst countable and
minimal urysohn , Hence (X, 7) issemi regular .

Theorem 7:
let { X (n): ne M } bea collection of topological spacesand X =
m X (n) . Then x isfirst countable and Hausdorff - close if and

only each X (n) isfirst countable and Hausdor ff -closed

Proof :

Since X is first countable if and only if each X (n) is first
countable its follows from theorem 4.2 and 4.4 in [8] that X is
feebly compact if and only if each X (n) isfeebly compact .
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Since X is first countable and feebly compact then X is first
countable and Hausdor ff closed by theorem [2] , hence the proof
isdone.

Asfar asthe author knows, the following question is open :
what are necessary and sufficient conditions that the product of a
countable collection of spaces be first countable and minimal
urysohn , (urysohn —closed ) ? the next few results give some
partial answers.

Theorem 8:
if { X(n) nE M }isacollection of spaces such that X=1IIX (n) is
first countable and minimal urysohn if and only if each X (n) isa

first countable and minimal urysohn space.

Proof :
This is an immediate consequence of the fact that a
collection { X (a) \a=sA } of space has aurysohn product if and

only if each X(a) isa urysohn space.

Lemmal[5]
Let X be first countable urysohn space the following are
equivalent

1. Xisfirst countable and urysohn —closed .
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2. Whenever = and £ are arbitrary open filter bases onX,
is accountable closed filter base on X , & is weaker than 1

and 1 isweaker than [, then 2 has non empty adherence

point .

Theorem 9
If X and Y arefirst countable and urysohn — closed spaces
and X is Hausdroff- closed then XxY is a first countable and
urysohn — closed .

Proof :
we first note that for every open sub set A of XxY , pra (A)
isclosed [8]
leta and 5 be an open filter bases on XxY such that a is
weaker than countablefilter base w={L: L </ £} than pr; (a) ,
pro (¥) , pro (5) satisfy hypothesis (2) of lemma 1, So pr2 (a) has

an adherent point y ,let 5 be a countable fundamental system of
open neighborhoods of y and let D ={ J[(XxC) /JE a and C € £}

then pr (D) is an open filter base and hence has an adherente

point X, The point ( X ,y) isan adherent point a .
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Conclusion
) if X is first countable completely regular space, then the

following ar e equivalent.
X isfirst countable and minimal completely regular space.
X isfirst countable and completely regular — closed space.
I1) A first countable, minimal Urysohn spaceisasemi —regular.
1) if {X(n)} isa sequence of topological spacesthen IT X(n) if
first countable and minimal p if and only if each X(n) isfirst

countable and minimal P.
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