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Abstract: In this study, a mixture of the one parameter general Jafari transform and
the two parameters generalization of ZZ transform were introduced, resulting in
three parameters double integral transform. This generality in this mixture is
important, and it was applied in the telegraph problem.
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1. Introduction

Due to the importance of double transforms in partial differential equations and
their systems, as well as in integro-partial differential equations, many researchers
have presented double integral transforms such as the double Laplace, double SEE,
double Aboodh, double Sumudu, double complex SEE, double complex EE, double
complex Al-Zughair, double Emad-Falih, double Formable, and others [1-7].
As is widely recognized, there are transforms with one parameter, such as Laplace,
SEE, Complex SEE, Al-Zughair, Al-Tememe, KAJ, Sumudu, Elzaki , Mayan, GFE,
Emad-Falih, Emad —Sara and many others [ 8-21].
There are also transforms with two parameters, such as ZZ transform, Shehu
transform, Maha transforms and others [ 22,32,26-27]. This paper provides a
general overview of these single parameters and two parameters transforms
constitutes a special case of double transform presented in this paper.
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-Double Laplace-Shehu transform [28], double Kamal —Shehu [29], Double
Sumudu —Shehu [30], Double Sawi-Shehu [30] , Double Aboodh-Shehu [30],
Double Laplace-Mayan [34] and others these double transforms are special cases
of the generalization of double transform of three parameters.

2. Generalization of Double Integral Transform with Three Parameters

Definition 2.1[ 31,32]: The general transform (Jafari Transform) for the function
f(t) which is an integrable function, denoted to J(.) is Jafari transform for the above
function is given by the form:

T{f(1); 8} =J(S) =7(S). [, f(1).e ™) dr.
While T = 0;r(S) # 0 and w(S) are real functions and its positive and S is a
parameter.

Table 1: The general transform (Jafari Transform) for some famous functions
[31,32]

No. f(@)=T"'{J($)} J(8) =T{f(x); $}
1 K ,where k is a kr1(S)
constant w1 (8)
2 T 71(5)
[w1(8)]?
3 ™, n>-1 [(n+1).14(S)
W(s)n+1
4 cosar w1 ($).11(S)
w1()]*+a
5 sin bt b7 (S)
[w1(8)]%+b2
6 edt r1(S)
w1(S)—a

Definition 2.2: The generalization of ZZ transform for the function f(7) is defined
by [ 33]:
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Hy{f (D)} = r(v,u). fooo e WOWT £ dr = Z(v,u).

For all T > 0 and r, w are real functions of two parameters v and u.

Table 2: The generalization of ZZ transform for some basic functions [ 33 |:

No. f(0)=H,"'Z,w} Z(,u) = Hy{f ()3 v,u}
s S i)
2 et r:V(ZU(—Z)u_)a ,(v,u) >a
3 cos at r2(vw) wo (VW)

[r2 (v w)]2+a?

4 sin Bt Bwz ()
[rz(vw)]?+p2

5 sinh at s o) |
m ,with r,(v,u) > a

6 cosh ft 2 (U Ww, (v,u)

[r(vw)]2—p2 yWith r(v,u) > p

So the new general double integral transform for an integrable function f(x, ) is
given by:

Sef(x, 1)} =11 (8) rp(v, 1) fooo fooo e~ Wi+ waWxl £y 1) dr . dx
=JZ(S,v,u)
Here Sj{.} is symbolizing for the operator to the last general transform, while
r(S) #0,r,(v,u) # 0 and w,(S), w, (v, u) are real positive function.
Properties 2.3:

e Linearity Property:

JZ($S, v, wiaf (x,7) + Bg(x,7) = a JZ[f (x, D] + B ] Z[g (x, 7)]
3
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e Shifting Property:
If Si{x, 7} = JZ(S,v, ).
So
S;{e_(““ﬁf) f(x, D)}
=1(8) .1 (v,u) fooo fooo e W1S)T=FT | o-wa(wx-ax - £(x 1)dr dx
=1r,(S) .1 (v, u) fooo fooo e~ [WiE+R T+ w0+ x| £(x 1) dr dx
e Change of scale property:
S¢{x, T} = JZ(S,v,w).
S¢{f (ax, Br)} = Bia]Z(é‘, v, u;a, B).

Table 3: The generalization of double integral transform with three
parameters for some elementary functions:

No. f(2) =S {JZ(S,v,u)} JZ(S,v,u) = SH{f(1); S,v,u}
1 1 r1(S5) wa(V,u)
wy(8) r2(v,u)
2 e thT r1(8) wo ()
(w1 ($)-BDIr:(v.w)-a]
3 el(ax+p) (LW (S)
[wz (vw)—ia] [wq($)-if]
4 cos(ax + f1) 1(8) r2(v,W). (w1 (8) wo (VW) —apB)
[((we(vw)2+a?)][w12(8)+ B?]
5 sin(ax + f1) r1(8) r,w)[aw, ($)+ Bw, (v,u)]

(w22(vw+a?) [w12(S)+p?]
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6 sinh(ax + B1) (aw1($)+Br; (W) (r1 (SHwz (vw))
W12(8)-B2%) [r22(vu)-a?]
(w1 (S)r(vw)+af) (1 (S)wy(v,u))
W12(8)-B2%) [r22(vu)-a?]
F(m+1)r1(S). nlw, (v,u)
w,MH1(S) (rp(wu))ntt

7 cosh(ax + B1)

8 x"t™ m>0n>0

3. Theorems And Proof

Theorem 3.1: If f(x, T) is a function of two variables x, T with (0, 7) is given
function so:

Sz [3f(XT)] = 1(8).r,(v,u) f fooaf(“) . e~ W@+ wawnxl g gy

Proof:

af (x, co _ o0 0 _
ng [ f;;;r)] =r(S).rn{,u) fo e wi(8) [fo f;ir_) e W2(vwx dx]dr

=1(8) .1 (v,u) f —f(0,7) + wy(v,u) f f(x, 7). e 200X gy ] dr
=—1r,(u,u) TO,u) + w,(v,u) JZ(S,v,u).

Theorem 3.2: If f(x, T) is a function of two variables x,z with (0, 7) is given
function so:

a aT (0,
52{ gff)} — (v u) éxu)_TZ(U;u)WZ(U:u) T(0,u) + wy2(v,u) JZ(S,v,u).

Proof:

2 o0
SZ {a f(x'r)} =1,(8).1,(v, u).f f Prexn e~ Wit +w (WXl gr gy |

dx2 dx2

=1,(8) .rz (v, u). fooo e~W1(8)T [foo—a f0) e~ w2(vw).x dr]dx

0 dx2

aT(o, u) f (x,7)
=-nw —/ =+ w(v, u)S; [T]

6T(0 u)

=—T (U ) + w; (U, u) [_rZ (U' u) T(O! u) +w; (U, U.) ]Z(‘S! v, u)]

5



Sdmﬁjlﬁsb_é.icgﬁfﬁwgﬁ Jw.d.icﬁﬁ‘y‘ﬁ\js\)hﬂe.?
Assist. Lec. Sarah Th. Alaraji, Prof. Dr. Emad A. Kuffi, Prof. Dr. Rania Saadeh

aT(0,u)
) ax

=—nr{,u — (v, Ww,(v,u) T(0,u) + wy2(v,u) JZ(S,v,u).

Theorem 3.3: If f(x, T) is a function of two variables x,7 and f (0, t) is given
function so:

SZY’Sﬁfﬁ I(S)aTWO)_'Mﬁ(s)-ﬁ(S)T0L0)+'Mﬁ(S)sz(SﬂLu)

Proof:

SZ {a f(xf)} 7(8). 1, (v, u) f foo FJED)  pelwr ()t +wowadx] g iy |

T otz

% 02f (x,7)

= rl(é‘) .1y ('U, u) fooo e—Wz(U,u)x [fo — e—W1(5)T d'l'] dx

r(S) 6T(v 0) Wl(cS)S; [6f(x,‘c)

ot
= — 1D 4 wy (5) [~y (S)T®,0) + wy(S) JZ(S,v,u)]
— ()L — Wy (8). 1 (ST W, 0) + wy(8)? JZ(S,v,).

4. Application

Assuming that telegraph equation can be written in the form:
fie +af,+bf =c?f,, ,wherea,band c are constants

With(B.C)  f(0,1) =g1(™) ,  f(0,7) = hy (D)
With (1.C) f(x,0) =g.() . filx,0) = hy(0).

Taking the general double integral transform to both side of equation we have:
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Sil foe + afe + bf = c? fiu]

c{-r,(v,u) ar;z,u) — rpy(v,w) .wy,(v,w)T(0,u) + wy2(v,u) JZ(S,v,u)}
= —1() T2 — Wy (8) .11 (T (W, 0) + wy(8) JZ(S, v, u)

+a{—r,(8§) T(w,0) + w,(8) JZ(S,v,u)} + b JZ(S,v,u).
And

oT (0,

D omw L, TOW =60
0T (v,0

SR omw L TR0 =6

JZ(S,v,W)[c? wa? (v, u) — wy 2(S) — awy () — b]

= —11(8) Hy(v) — w1 (8) 11(S) G, (v) —ary(S) G,(v) +

c?ry(v,v) Hy(u) + c? rp (v, u) wy (v, ) Gy (u)

—11(8S)H (V) w1 (8).11(S) G, (V)—ar(8).G,(v)
c2wy2(v,u)—w12(8)—aw,(S)-b

JZ(S,v,u) = +

c?.ry(v,u) Hy(u) +c2.r5 (v,u) wy(v,u) Gy (1)
c2wy2(v,u)—-w12(8)—aw4(8)-b

JZ(S,v,u) = £(S,v,u).

Now taking the inverse of the generalization of double integral with three
parameters transform to both side of equation we get a solution to the given

equation.
5. Conclusion
This study addressed two main aspects:

The first aspect concerns the dual generality of single-parameter and two-parameter
integral transforms. This dual generality encompasses various dual transforms

7
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previously introduced-such as the double Shehu-Laplace transform, among others-
as outlined in the introduction.

The second aspect lies in the potential to utilize these transforms in applications or
problems involving partial differential equations. This is particularly relevant given
the existence of numerous complex physical applications where the number of
parameters plays a crucial role in simplifying the steps required to derive exact

solutions.

6. References:

[1]

2]

W. H. Ahmed, B. S. M. Ali, and E. A. Kuffi, "On Double Complex Al-
Zughair Transform Technique and Its Properties," Nonlinear
Functional Analysis and Applications, pp. 881-895, 2025.

H. Eltayeb and A. Kilicman, "On double Sumudu transform and double
Laplace transform," Malaysian Journal of Mathematical Sciences, vol.
4, no. 1, pp. 17-30, 2010.

A.Issaand E. A. Kuffi, "On the double integral transform (complex EE
transform) and their properties and applications,” Ibn AL-Haitham
Journal for Pure and Applied Sciences, vol. 37, no. 1, pp. 429441,
2024.

E. A. Kuffi and E. A. Mansour, "Solving Partial Differential Equations
Using the New Integral Transform 'Double SEE Integral Transform',"
Journal of Physics: Conference Series, vol. 2322, no. 1, Art. no.
012009, Aug. 2022.

R. Saadeh, S. T. A. Alshibley, A. Qazza, and E. A. Kuffi, "Application
of the Fuzzy Double Emad-Falih Transform to Solve Fuzzy Partial
Differential Equations," TAENG International Journal of Applied
Mathematics, vol. 55, no. 12, 2025.

R. Saadeh, A. K. Sedeeg, B. Ghazal, and G. Gharib, "Double formable
integral transform for solving heat equations," Symmetry, vol. 15, no.
1, Art. no. 218, 2023.

W. Watthayu and W. Erawun, "Double Laplace Transform for Solving
Some Partial Differential Equations," Journal of Physics: Conference
Series, vol. 1865, no. 1, Art. no. 012008, 2021.

E. S. Abbas, E. A. Kuffi, and A. A. Jawad, "New integral 'Kuffi-Abbas-
Jawad' KAJ transform and its application on ordinary differential
equations," Journal of Interdisciplinary Mathematics, vol. 25, no. 5, pp.
1427-1433, 2022.



Al-Mansour Journal/ Issue (45) 2026 (45) 222l /) peaiall dsa

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

E. A. Kuffi, F. Karaaslan, and G. S. Sadhkhan, "The complex EFG
integral transform and its applications," International Journal of Health
Sciences, vol. 6, suppl. 3, pp. 537-547, 2022.

E. A. Kuffi, A. H. Mohammed, A. Q. Majde, and E. S. Abbas,
"Applying Al-Zughair transform on nuclear physics," International
Journal of Engineering & Technology, vol. 9, no. 1, pp. 9-11, 2020.
E. F. Kuffi and S. F. Maktoof, "Emad-Falih transform: A new integral
transform," Journal of Interdisciplinary Mathematics, vol. 24, no. 8§,
2021.

E. F. Kuffi, S. F. Maktoof, and E. S. Abbas, "Emad-Sara transform: A
new integral transform," Journal of Interdisciplinary Mathematics, vol.
24, no. 7, 2021.

E. A. Mansour and E. A. Kuffi, "The Mayan transform: A novel integral
transform of complex power parameters and applications to
neutrosophic functions," International Journal of Neutrosophic
Science, vol. 23, no. 1, pp. 323-334, 2023.

E. A. Mansour, E. A. Kuffi, and S. A. Mehdi, "The new integral
transform 'SEE transform' and its applications," Periodicals of
Engineering and Natural Sciences, vol. 9, no. 2, pp. 1016-1029, 2021.
E. A. Mansour, E. A. Kuffi, and S. A. Mehdi, "Solving Abel's Integral
Equation Using (Sadiq-Emad-Eman) Transform," in Proc. 2021 7th
International Conference on Contemporary Information Technology
and Mathematics (ICCITM), Aug. 2021, pp. 251-254.

E. A. Mansour, E. A. Kuffi, and S. A. Mehdi, "Complex SEE integral
transform in solving Abel's integral equation,” Journal of
Interdisciplinary Mathematics, vol. 25, no. 5, pp. 1307-1314, 2022.

E. A. Mansour, E. A. Kuffi, and S. A. Mehdi, "The Solution of Faltung
Type Volterra Integro-Differential Equation of First Kind using
Complex SEE Transform," Journal of Education College, vol. 23, no.
1,2022.

E. A. Mansour, E. A. Kuffi, and S. A. Mehdi, "Applying SEE

transform to solve linear Volterra integrodifferential equation of the
second kind," in AIP Conference Proceedings, vol. 2591, no. 1, Art.
no. 050008, Mar. 2023.

E. A. Mansour, S. A. Mahdi, and E. A. Kuffi, "On the complex SEE
change and system of partial differential equations," Journal of
Nonlinear Analysis and Applications, vol. 12, no. 2, 2021.



Sdmﬁjlﬁﬁb.é_i‘géjs‘yl.};Jw,d.icwﬁ‘\"ﬁ\jSJu?.P

Assist. Lec. Sarah Th. Alaraji, Prof. Dr. Emad A. Kuffi, Prof. Dr. Rania Saadeh

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

E. A. Mansour, S. Mehdi, and E. A. Kuffi, "The new integral transform
and its applications," International Journal of Nonlinear Analysis and
Applications, vol. 12, no. 2, pp. 849856, 2021.

I. Z. Mushtt and E. A. Kuffi, "Sadik and complex Sadik integral
transforms of system of ordinary differential equations," Iraqi Journal
for Computer Science and Mathematics, vol. 4, no. 1, p. 17, 2023.

S. A. Ahmed, T. M. Elzaki, M. Elbadri, and M. Z. Mohamed, "Solution
of partial differential equations by new double integral transform
(Laplace-Sumudu transform)," Ain Shams Engineering Journal, vol.
12, no. 4, pp. 4045-4049, 2021.

A. N. Albukhuttar, Z. D. Ridha, and H. Kadhim, "Applications of a
Shehu transform to the heat and transport equations," International
Journal of Psychosocial Rehabilitation, vol. 24, no. 5, pp. 4254-4263,
2020.

A. Albukhuttar, B. Jubear, and M. Neamah, "Solve the Laplace,
Poisson and Telegraph equations using the Shehu transform," Turkish
Journal of Computer and Mathematics Education, vol. 10, no. 12, pp.
1759-1768, 2021.

S. Alfageth and E. Misirli, "On double Shehu transform and its
properties with applications," International Journal of Analysis and
Applications, vol. 18, no. 3, pp. 381-395, 2020.

M. Alsaoudi, G. Gharib, E. Kuffi, and A. Guiatni, "New Two Parameter
Integral Transform 'MAHA Transform' and its Applications in Real
Life," WSEAS Transactions on Mathematics, vol. 23, pp. 536543,
2024.

E. A. Kuffi, N. K. Meftin, E. S. Abbas, and E. A. Mansour, "A review
on the integral transforms," Eurasian Journal of Physics, Chemistry and
Mathematics, vol. 1, pp. 20-28, 2021.

M. Hunaiber and A. Al-aati, "On double Laplace-Shehu transform and
its properties with applications," Turkish Journal of Mathematics and
Computer Science, vol. 15, no. 2, pp. 218-226, 2023.

A. Al-aati and S. H. Al-Maweri, "On Double Kamal-Shehu

Transform and its Properties with Applications," Albaydha University
Journal, vol. 6, no. 3, 2024.

M. Al-Momani, "The conformable double Sumudu-Shehu transform
and its properties with applications," European Journal of Pure and
Applied Mathematics, vol. 18, no. 4, pp. 6384-6384, 2025.

10



Al-Mansour Journal/ Issue (45) 2026 (45) 222l /) peaiall dsa

[31] E. A. Mansour and N. K. Meftin, "Mathematical modeling for
cryptography using Jafari transformation method," Periodicals of
Engineering and Natural Sciences, vol. 9, no. 4, pp. 892—-897, 2021.

[32] A. L. El-Mesady, Y. S. Hamed, and A. M. Alsharif, "Jafari
transformation for solving a system of ordinary differential equations
with medical application," Fractal and Fractional, vol. 5, no. 3, Art. no.
130, 2021.

[33] S. F. Maktoof, E. A. Kuffi, and E. S. Abbas, "Generalization of ZZ
transform and its applications," Advances in Nonlinear Variational
Inequalities, vol. 27, no. 2, 2024.

[34] E. A. Mansour, E. S. Abbas, H. J. Mutashar, E. A. Kuffi, and M. A.
Labeeb, “On the Double of the Laplace-Mayan Transformation and Its
Properties with Applications,” International Journal of Mathematics
and Mathematical Sciences, vol. 1, pp. 1-10, 2026.

Aty clalia A0 7 99 3a Al B 9ol anend

TasY s jlu 2,568 s dlas 3ol a5 Ll

saraht.alaraji@uokufa.edu.iq emad.kuffi@uomustansirivah.edu.iq rsaadeh@zu.edu.jo

saad gl Aalzal) Lg.: ebd\ (Jafarl) "LE)S"A" Jread Oy e C_UA Al Hall ol @ ?M rualddacall
o2 i uLAMM)\LCJJJA‘_AA\SJdJ};JM:L\m‘;\L;J\W UM‘LSJ"ZZ" d—')‘-’?—‘-‘"—‘}
Lol palil) At e Lenkt 3 Cua smbm\c_aﬂ\ oo Al dalal) dapall

Udlaa (g Jad) ALlEsl) el ¢ LalSill B gail) asanti (77 Jagad aart 1 sdgalidal) cilalsl)
Z53 el alsil) gy gatl) () _atid)

131yl 2o i) Canill — Al ) Ay 5l 40 - 48 <)) el — ilaualy ) s ¢ 2elise (ju y0e
230yl — alary — Al Ay il A0S - 4 peatioall Arslal) - Gl ) aud ¢ S0 Sl
300N — el 50— ashel) A0S — ol ) 31 daala — Cibaly Sl and ¢ 53S0 S

11


mailto:saraht.alaraji@uokufa.edu.iq
mailto:emad.kuffi@uomustansiriyah.edu.iq
mailto:rsaadeh@zu.edu.jo


  T  { f  ( 𝜏 ) ; 𝒮 } = J  ( 𝒮 ) = r  ( 𝒮 ) .   ∫ 0 ∞  f  ( 𝜏 ) .   e  − w  ( 𝒮 ) 𝜏   d 𝜏 .


  τ ≥ 0 ; r ( 𝒮 ) ≠ 0


  w ( 𝒮 )


  𝒮


  f  ( 𝜏 ) =   T  − 1 { J  ( 𝒮 ) }


  J  ( 𝒮 ) = T { f  ( 𝜏 ) ; 𝒮 }


      k r 1 ( 𝒮 )    w 1 ( 𝒮 )


  𝜏


      r 1 ( 𝒮 )      [ w 1 ( 𝒮 ) ] 2


    𝜏  n


  n > − 1


    Г ( n + 1 )   . r 1 ( 𝒮 )    w ( 𝒮 )  n + 1


   cos ⁡  a 𝜏


      w 1 ( 𝒮 )   . r 1 ( 𝒮 )    [   w 1 ( 𝒮 ) ] 2 + a


   sin ⁡  b 𝜏


      b   r 1 ( 𝒮 )      [ w 1 ( 𝒮 ) ] 2 +   b 2


    e  a 𝜏


      r 1 ( 𝒮 )    w 1  ( 𝒮 ) − a


  f ( 𝜏 )


    H  g  { f  ( 𝜏 ) } = r  ( 𝜐 , u ) .   ∫ 0 ∞    e  − w  ( 𝜐 , u ) 𝜏   f  ( 𝜏 ) d 𝜏 = Z  ( 𝜐 , u ) .  


  𝜏 ≥ 0


  r , w


  𝜐


  u


  f  ( 𝜏 ) =     H  g  − 1 { Z  ( 𝜐 , u ) }


  Z  ( 𝜐 , u ) =   H  g { f  ( 𝜏 ) ; 𝜐 , u }


    k   w 2  ( 𝜐 , u )      r 2 ( 𝜐 , u ) ;     w i t h     r 2  ( 𝜐 , u ) ≠ 0


    e  𝛼 𝜏


      w 2 ( 𝜐 , u )    r 2  ( 𝜐 , u ) − 𝛼   ,     r 2 ( 𝜐 , u ) > 𝛼


    c o s ⁡  𝛼 𝜏


      r 2  ( 𝜐 , u )     w 2 ( 𝜐 , u )      [ r 2 ( 𝜐 , u ) ] 2 +   𝛼 2


    s i n ⁡  𝛽 𝜏


    𝛽   w 2 ( 𝜐 , u )      [ r 2 ( 𝜐 , u ) ] 2 +   𝛽 2


    s i n h ⁡  𝛼 𝜏


    𝛼   w 2 ( 𝜐 , u )      [ r 2 ( 𝜐 , u ) ] 2 −   𝛼 2   ,     w i t h     r 2 ( 𝜐 , u ) > 𝛼


    c o s h ⁡  𝛽 𝜏


      r 2  ( 𝜐 , u )   w 2 ( 𝜐 , u )  [     r 2 ( 𝜐 , u ) ] 2 −   𝛽 2   ,     w i t h           r 2 ( 𝜐 , u ) > 𝛽


  f ( x , 𝜏 )


    S  g 2  { f  ( x , 𝜏 ) } =   r 1    ( 𝒮 )     r 2  ( 𝜐 , u )   ∫ 0 ∞    ∫ 0 ∞    e  −  [   w 1  ( 𝒮 ) 𝜏 +     w 2  ( 𝜐 , u ) x ]   .   f  ( x , 𝜏 )   . d 𝜏   . d x


  = J Z ( 𝒮 , 𝜐 , u )


    S  g 2 { . }


    r 1  ( 𝒮 ) ≠ 0 ,     r 2 ( 𝜐 , u ) ≠ 0


    w 1  ( 𝒮 )   ,       w 2 ( 𝜐 , u )


  J Z  ( 𝒮 , 𝜐 , u ) { 𝛼 f  ( x , 𝜏 ) + 𝛽 g  ( x , 𝜏 ) = 𝛼   J Z [ f  ( x , 𝜏 ) ] + 𝛽   J Z [ g  ( x , 𝜏 ) ]


    S  g 2  { x , 𝜏 } = J Z  ( 𝒮 , 𝜐 , u ) .


    S  g 2  {   e  −  ( 𝛼 x + 𝛽 𝜏 )   f  ( x , 𝜏 ) }  


  =   r 1  ( 𝒮 )   .   r 2 ( 𝜐 , u )   ∫ 0 ∞    ∫ 0 ∞    e  −   w 1  ( 𝒮 ) 𝜏 − 𝛽 𝜏   .       e  −   w 2  ( 𝜐 , u ) x − 𝛼 x   .     f  ( x , 𝜏 ) d 𝜏   d x


  =   r 1  ( 𝒮 )   .   r 2 ( 𝜐 , u )   ∫ 0 ∞    ∫ 0 ∞    e  − [  (   w 1  ( 𝒮 ) + 𝛽 ) 𝜏 +  (   w 2  ( 𝜐 , u ) +   𝛼 ) x   ]   .     f  ( x , 𝜏 )   d 𝜏   d x  


    S  g 2  { x , 𝜏 } = J Z  ( 𝒮 , 𝜐 , u ) .


    S  g 2  { f  ( 𝛼 x , 𝛽 𝜏 ) } =      1  𝛽 𝛼 J Z  ( 𝒮 , 𝜐 , u ; 𝛼 , 𝛽 ) .


  f  ( 𝜏 ) =     S  g 2  − 1 { J Z  ( 𝒮 , 𝜐 , u ) }


  J Z  ( 𝒮 , 𝜐 , u ) =   S  g 2 { f  ( 𝜏 ) ; 𝒮 ,   𝜐 , u }


  1


      r 1 ( 𝒮 )     w 2 ( 𝜐 , u )    w 1  ( 𝒮 )     r 2 ( 𝜐 , u )  


    e  𝛼 x + 𝛽 𝜏


        r 1  ( 𝒮 )   w 2 ( 𝜐 , u )   ( [   w 1  ( 𝒮 ) − 𝛽 ] ) [   r 2  ( 𝜐 , u ) − 𝛼 ]  


    e  i ( 𝛼 x + 𝛽 𝜏 )


      r 2  ( 𝜐 , u )   r 1 ( 𝒮 )    [ w 2  ( 𝜐 , u ) − i 𝛼 ]   [   w 1  ( 𝒮 ) − i 𝛽 ]


    cos ( ⁡  𝛼 x + 𝛽 𝜏 )


      r 1  ( 𝒮 )     r 2  ( 𝜐 , u ) . (   w 1  ( 𝒮 )     w 2  ( 𝜐 , u ) − 𝛼 𝛽 )  [  (     w 2  ( 𝜐 , u ) 2 +   𝛼 2 ) ] [     w 1 2  ( 𝒮 ) +     𝛽 2 ]


   sin ⁡  ( 𝛼 x + 𝛽 𝜏 )


      r 1  ( 𝒮 )     r 2  ( 𝜐 , u ) [ 𝛼   w 1  ( 𝒮 ) +   𝛽   w 2  ( 𝜐 , u ) ]   (     w 2 2  ( 𝜐 , u ) +   𝛼 2   )     [     w 1 2 ( 𝒮 ) +   𝛽 2 ]


    s i n h ⁡  ( 𝛼 x + 𝛽 𝜏 )


    ( 𝛼   w 1  ( 𝒮 ) + 𝛽   r 2  ( 𝜐 , u ) ) (   r 1  ( 𝒮 )   w 2  ( 𝜐 , u ) )   (     w 1 2  ( 𝒮 ) −   𝛽 2   )     [     r 2 2  ( 𝜐 , u ) −   𝛼 2 ]


   cosh ⁡  ( 𝛼 x + 𝛽 𝜏 )


    (   w 1  ( 𝒮 )   r 2  ( 𝜐 , u ) + 𝛼 𝛽 ) (   r 1  ( 𝒮 )   w 2  ( 𝜐 , u ) )   (     w 1 2  ( 𝒮 ) −   𝛽 2   )     [     r 2 2  ( 𝜐 , u ) −   𝛼 2 ]


    x  n   𝜏  m   ,   m > 0 ,   n > 0


    Г  ( m + 1 )   r 1  ( 𝒮 ) .     n !   w 2 ( 𝜐 , u )      w 1  m + 1  ( 𝒮 )     (   r 2  ( 𝜐 , u ) )  n + 1


  f ( x , 𝜏 )


  x ,   𝜏


  f ( 0 , 𝜏 )


    S  g 2  [   𝜕 f  ( x , 𝜏 )  𝜕 x ] =     r 1  ( 𝒮 ) .     r 2  ( 𝜐 , u )     ∫ 0 ∞    ∫ 0 ∞    𝜕 f ( x , 𝜏 )  𝜕 x   .       e  −  [   w 1  ( 𝒮 ) 𝜏   +     w 2  ( 𝜐 , u ) x ]     d 𝜏   d x   .


    S  g 2


   [   𝜕 f  ( x , 𝜏 )  𝜕 x ] =   r 1  ( 𝒮 )   .   r 2  ( 𝜐 , u )   ∫ 0 ∞    e  −   w 1  ( 𝒮 ) 𝜏      [     ∫ 0 ∞    𝜕 f  ( x , 𝜏 )  𝜕 x   .       e  −   w 2  ( 𝜐 , u ) x     d x   ] d 𝜏


  =   r 1  ( 𝒮 )   .   r 2  ( 𝜐 , u )     ∫ 0 ∞  [ − f  ( 0 , 𝜏 ) +     w 2  ( 𝜐 , u )     ∫ 0 ∞  f  ( x , 𝜏 ) .       e  −   w 2 ( 𝜐 , u ) x   d x   ]   d 𝜏  


  = −     r 2  ( 𝜐 , u )   T  ( 0 , u ) +   w 2  ( 𝜐 , u )   J Z  ( 𝒮 , 𝜐 , u ) .


  f ( x , 𝜏 )


  f ( 0 , 𝜏 )


    S  g 2  {     𝜕 2 f  ( x , 𝜏 )  𝜕   x 2 } = −     r 2  ( 𝜐 , u )     𝜕 T  ( 0 , u )  𝜕 x −   r 2  ( 𝜐 , u )   w 2  ( 𝜐 , u )   T  ( 0 , u ) +       w 2 2  ( 𝜐 , u )   J Z  ( 𝒮 , 𝜐 , u ) .


    S  g 2  {     𝜕 2 f  ( x , 𝜏 )  𝜕   x 2 } =   r 1  ( 𝒮 )   .   r 2  ( 𝜐 , u ) .   ∫  x = 0 ∞    ∫  𝜏 = 0 ∞      𝜕 2 f ( x , 𝜏 )  𝜕   x 2   .       e  −  [   w 1  ( 𝒮 ) . 𝜏   +     w 2  ( 𝜐 , u ) . x ]     d 𝜏   d x   .


  =   r 1  ( 𝒮 )   .   r 2  ( 𝜐 , u ) .   ∫ 0 ∞    e  −   w 1  ( 𝒮 ) . 𝜏   [   ∫ 0 ∞      𝜕 2 f ( x , 𝜏 )  𝜕   x 2   .       e  −   w 2  ( 𝜐 , u ) . x     d 𝜏   ]   d x  


  = −     r 2  ( 𝜐 , u )     𝜕 T  ( 0 , u )  𝜕 x +     w 2  ( 𝜐 , u )   S  g 2


   [   𝜕 f  ( x , 𝜏 )  𝜕 x ]  


  = −     r 2  ( 𝜐 , u )     𝜕 T  ( 0 , u )  𝜕 x +     w 2  ( 𝜐 , u )   [ −   r 2  ( 𝜐 , u )   T  ( 0 , u ) +   w 2  ( 𝜐 , u )   J Z  ( 𝒮 , 𝜐 , u ) ]


  = −     r 2  ( 𝜐 , u )     𝜕 T  ( 0 , u )  𝜕 x −   r 2  ( 𝜐 , u )   w 2  ( 𝜐 , u )   T  ( 0 , u ) +       w 2 2  ( 𝜐 , u )   J Z  ( 𝒮 , 𝜐 , u ) .


  f ( x , 𝜏 )


  x ,   𝜏


  f ( 0 , 𝜏 )


    S  g 2  {     𝜕 2 f  ( x , 𝜏 )  𝜕   𝜏 2 } = −   r 1  ( 𝒮 )   𝜕   T  ( 𝜐 , 0 )  𝜕 𝜏 −     w 1  ( 𝒮 )   .   r 1  ( 𝒮 ) T  ( 𝜐 , 0 ) +       w 1  ( 𝒮 ) 2   J Z  ( 𝒮 , 𝜐 , u ) .


    S  g 2  {     𝜕 2 f  ( x , 𝜏 )  𝜕   𝜏 2 } =   r 1  ( 𝒮 ) .     r 2  ( 𝜐 , u )     ∫  x = 0 ∞    ∫  𝜏 = 0 ∞      𝜕 2 f ( x , 𝜏 )  𝜕   𝜏 2   .       e  −  [   w 1  ( 𝒮 ) . 𝜏   +     w 2  ( 𝜐 , u ) . x ]     d 𝜏   d x   .


  =   r 1  ( 𝒮 )   .   r 2  ( 𝜐 , u )   ∫ 0 ∞    e  −   w 2  ( 𝜐 , u ) x   [   ∫ 0 ∞      𝜕 2 f ( x , 𝜏 )  𝜕   𝜏 2   .       e  −   w 1  ( 𝒮 ) 𝜏     d 𝜏   ]   d x  


  = −     r 1  ( 𝒮 )   𝜕   T  ( 𝜐 , 0 )  𝜕 𝜏 +     w 1  ( 𝒮 )   S  g 2


   [   𝜕 f  ( x , 𝜏 )  𝜕 𝜏 ]  


  = −       r 1  ( 𝒮 )   𝜕   T  ( 𝜐 , 0 )  𝜕 𝜏 +     w 1  ( 𝒮 )   . [ −   r 1  ( 𝒮 ) T  ( 𝜐 , 0 ) +     w 1  ( 𝒮 )   J Z  ( 𝒮 , 𝜐 , u ) ]


  = −     r 1  ( 𝒮 )   𝜕   T  ( 𝜐 , 0 )  𝜕 𝜏 −     w 1  ( 𝒮 ) .     r 1  ( 𝒮 ) T  ( 𝜐 , 0 ) +       w 1  ( 𝒮 ) 2   J Z  ( 𝒮 , 𝜐 , u ) .


    f  𝜏 𝜏 + a     f  𝜏 + b f =   c 2   f  x x


  f  ( 0 , 𝜏 ) =   g 1  ( 𝜏 )             ,                   f  x  ( 0 , 𝜏 ) =  h 1 ( 𝜏 )


  f  ( x , 0 ) =   g 2  ( 𝜏 )             ,                 f  x  ( x , 0 ) =  h 2 ( x )


    S  g 2 [     f  𝜏 𝜏 + a   f  𝜏 + b f =   c 2     f  x x ]


    c 2 {   −   r 2  ( 𝜐 , u )     𝜕 T  ( 0 , u )  𝜕 x −     r 2  ( 𝜐 , u )   .   w 2  ( 𝜐 , u ) T  ( 0 , u ) +     w 2 2  ( 𝜐 , u )   J Z  ( 𝒮 , 𝜐 , u ) }


  = −   r 1  ( 𝒮 )   𝜕 T  ( 𝜐 , 0 )  𝜕 𝜏 −     w 1  ( 𝒮 )     . r 1  ( 𝒮 ) T  ( 𝜐 , 0 ) +     w 1 2  ( 𝒮 )   J Z ( 𝒮 , 𝜐 , u )


  + a  { −   r 1  ( 𝒮 )   T  ( 𝜐 , 0 ) +   w 1  ( 𝒮 )   J Z  ( 𝒮 , 𝜐 , u ) } + b   J Z  ( 𝒮 , 𝜐 , u ) .


    𝜕 T ( 0 , u )  𝜕 x =   H 1  ( u )                     ,                   T  ( 0 , u ) =   G 1 ( u )


    𝜕 T ( 𝜐 , 0 )  𝜕 𝜏 =   H 2  ( 𝜐 )                       ,                   T  ( 𝜐 , 0 ) =   G 2 ( 𝜐 )


    𝜕 T ( 𝜐 , 0 )  𝜕 𝜏 =   H 2  ( 𝜐 )                       ,                   T  ( 𝜐 , 0 ) =   G 2 ( 𝜐 )


  J Z  ( 𝒮 , 𝜐 , u ) [   c 2       w 2 2  ( 𝜐 , u ) −     w 1 2  ( 𝒮 ) − a   w 1  ( 𝒮 ) − b ]


  = −   r 1  ( 𝒮 )     H 2  ( 𝜐 ) −   w 1  ( 𝒮 )     r 1  ( 𝒮 )     G 2  ( 𝜐 ) − a     r 1  ( 𝒮 )     G 2  ( 𝜐 ) +                                                     c 2   r 2  ( 𝜐 , v )     H 1  ( u ) +   c 2     r 2  ( 𝜐 , u )     w 2  ( 𝜐 , u )     G 1 ( u )


  J Z  ( 𝒮 , 𝜐 , u ) =   −     r 1  ( 𝒮 )   H 2  ( 𝜐 ) −   w 1  ( 𝒮 ) .   r 1  ( 𝒮 )     G 2  ( 𝜐 ) − a   r 1  ( 𝒮 ) .     G 2  ( 𝜐 )    c 2     w 2 2  ( 𝜐 , u ) −     w 1 2  ( 𝒮 ) − a   w 1  ( 𝒮 ) − b +


      c 2 .   r 2  ( 𝜐 , u )     H 1  ( u ) +   c 2 .   r 2  ( 𝜐 , u )     w 2  ( 𝜐 , u )   G 1 ( u )    c 2     w 2 2  ( 𝜐 , u ) −     w 1 2  ( 𝒮 ) − a   w 1  ( 𝒮 ) − b .


  J Z  ( 𝒮 , 𝜐 , u ) = ℓ  ( 𝒮 , 𝜐 , u ) .

