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ABSTRACT

To estimate non-linear parameters of mixed model ARMA(1,1) in moving
averages, the researchers have applied a non-linear Newton-Raphson
procedure to estimate these parameters of this model, and to test its
efficiency, to compare it with non-linear least Square method by simulation.
As a main conclusion, the researchers have found that this applied
procedure is good, efficient and reliable as a method for estimating
parameters of the non-linear mixed model ARMA (1,1).

Introduction :

From 1968 to 1970, Box-Watts and Box-Jenkins proposed
models of seasonal Series, and then made matheniatical formulae
to determine, estimate, test, and forecast these models. From that
time, non-linear least Square method has remained the most
common and usable to estimate the non-linear parameters of the
mixed model ARMA(1,1). '
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This research aims at applying a non-linear Newton-
Raphson procedure to estimate the non-linear parameters of the
mixed model from first order and comparing it with non-linear
least square method by  simulation. Models random errors have
Non-Gaussian distribution.

2- Mixed Model ARMA (1,1)

By using backshift operator B in the following formula:
#(B)x, = 0(B)a, ..(2.1)
(1-¢B)x, =(1-6,B)a,

So, the general formula of the mixed (Autoregressive-
moving Average) Model ARMA(1,1) can be written as follows:

X, =¢,X,_ +a 6,1, ..(2.2)
where:
X, ,i=0] values of time Series observations
Nie=1 "Ny
b, Autoregressive parameter
6, Moving Average parameter
a,,i=01 random error

2-1: The Theoretical Aspects of the ARMA(1,1):

a. stationary:
To achieve stationary roots of the equation ¢(B)=1-¢B=0

Must be outside the Unit circle, where:
B |>1

This leads to make the parameter:
|¢1’ - TT
(]

To make The model stationary, it must be:

~1g( 1.... (2.1.1)
(2)



b- Inevitability:
To achieve inevitability, root of the equation
6(B)=1- 0, B = omust be outside the unit circle, where: |B| ) |

This leads to make the parameter:

|
l‘91| = '—Bl
AR
To make the model inevitable it must be:
-1<6, <1 ..(2.1.2)

¢. Auto Covariance:
(1-6,8)X, =(1-6,")a,
X, =¢X,  +a,-0a,.,
EX, X, =$EX 4 EaX, | —0Ea X,
The general formula of The auto covariance of the mixed
model ARMAC(1,1) can be written as follows:

oy , k=0
0, = (¢, ‘61)(12“¢1‘91) k=1 (2.1.3)
1-¢,
1§24 k=2

d. Auto Correlation:
The general formula of The autocorrelation of The mixed
model ARMA(1.1) can be written as follows:

1 , k=0
(¢ —0)(1-¢6,)
o I 2.13
PR 1 20,0, + 67 k=1 (21.3)
P Pi-1

k=2
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2-2: Estimation of The Parameters:
The model:

a, =0 (B)p(B)X,

We notice that the above model is non-linear in its
parameters.
This is because of the moving averages 6(B).

a. non-linear Least Square Method (NL):
The mixed model ARMA(1,1):

a, =(1-6,B)"'(1-¢,5)xX,
can be written as follows:
1-¢, B
0 = Y ..(2.2.1
e 22.1)
To implement Taylor’s series, we account The first
derivation of a,t0¢,,6,and find Their initial values $1.0.0,aS

follows:
oa B
X b4 S 0N
=g e = ) (2.2.2)
oa B—¢noBz
X,, =——L = ...(2.2.3
2’ agl : ’9;:9]‘0 (l byt 9]’03)2 ' ( )

by simplifying the two equations (2.2.2) and (2.2.3), we
have:

Xy =6 0X 0+, ...(2.2.4)
Xy =26, 0X5, _‘912,0X2~1-2 —X, 4 +0,,X,, 2]
we can get the value of 4, ,as follows:
[~ i 2
a,, =B b0 )X, +(6-6,0)x,, +a, weolo)

(4)
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It is a linear regression equation. So we can implement
ordinary least square to estimate ¢,,¢,as follows:

n
Z az,OXL/

¢1A =@+ ’=0n (2.2.7)
x2
ZO o
Z a:,on,r
o —g . g i ..(2.2.8)
1 1.0

n
> Xa
t=0
These obtaining values can be used as estimating initial
values. This operation can be repeated till values of ¢, .0, be fixed

b. Newton-Raphsor _Procedure (NR):
The researchers have applied a non-linear Newton-Raphson
procedure to estimate the parameters of the mixed ARMA(1,1).

This is because the equation a, = (1-6,B)"'(1- ¢,B)X, is non-linear

in moving average. This method depends on a non-linear
procedure, namely Newton Raphson, as follows:

X, =(1- $,8)"(1-6,B)a,
~a, =(1-6,B)"(1-4B)X, ..(2.2.9)

by squaring and taking summation of the two sides:

n

S =3 [1-08)0-p8)x,]

=1 1=1

S8 o [(1 -6,,B)"(1-4,,B)X, ](- B)1-6,,B)" X,

()

I
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make the derivation equals zero, and divide on (-2), we
have:

/Y/Xll ¢IO‘Y/2~»1
. —0 (2.2,

Y) ;{ (1*‘91403)2 J | ( "
OF(X) _ | XD
oy X [(1—6’103)2J
n X2 j

1y = St R .. (22,11

#x) ;{(19,,08)‘J ! (2.2.10)

by an implementing Newton Raphson as in the following
formula:

Xn+| = Xn - F(Y)
F'(X)

r n n
RIS AED RIS P
&, :¢1,0‘ = 2 = 2

( —«91,08) (1-6,08)
R XI‘YI-—I
¢l — 2¢1,0 _ 1=l - (2212)
> X
1=l
ol al &

5; —=2 [(] - 491,03)-l (1 - ¢I,OB)X1 k_ 1)(1 =01 B)ﬁ2 (" B)(l ~Po B)X’
1,0
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make the derivation equals zero, and divide on (-2),

(2.2.13)

6F(X) < {(1—91.03)3(0)@ _¢I,OB)2X1XI1(3)(1~61,0B)2(_B)}

(1 “91,03)6

(2.2.14)

by an implementing Newton Raphson as in the following

we have:
o (] - ¢I OB)z ‘Y/ /Yl—l
S RX )= : =0
( ) fz=l: { (1 _‘91,0[”)2

30,

F,(X)___Z": (] _¢1,OB)2X/2—I -0
= | (1-6,B)

formula:
v )

el = Xn _——(_X—_
F'(x)

SN L) R B
"1‘“‘)“[(“‘15 RV e

X, Xt-1
él =20, - = P

2 X
=1

where:
é,,.6, o are initial values

)

(2.2.15)
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Table (1): MAPE ($) and MAPE (6) Valic. s

1 ]
N 6 /0 Discrete o Continuous
Poi (0.5) Geo (0.5) Gai: (1,2) Cau (1,2)

X re——

NR NL NR NL NR  © NL NR NL

09 | 46.976 | 50305 | 54.898 | 55.899 124.257 ' 101.360 | 108.706 | 62.344

01 | 16921 [ 18769 | 25.368 | 28.536 | 70.783 | 76425 14402 | 16.239

Ny 25481 | 26.382 | 30.998 | 40.380 8.445 | 77.014 | 21517 | 22.656

25 0.9 | 47.661 [ 27418 | 41.088 | 35.556 | 99.027 | 101.765 | 110.148 | 35.257
0.8 | 46215 | 5555 | 65.722 | 48.830 | 117.47¢ ' _88.767 | 75.614 | 45.446

o (92 | 16740 | 19.194 | 25416 | 29.460 | 62.88] 72,160 {13256 | 15316

0.2 | 23.707 | 26.567 | 32.755 | 40.994 | 63017 72.543 1 19.153 | 21.523

0.8 | 46.156 | 28779 | 40.838 | 31.493 [ 118249 90.142 | 57.224 | 27.502

09 | 45950 [ 40.894 [ 57.677 | 51.091 123.916 | 101314 | 93.831 | 35.252

0.1 1 16750 | 18.878 | 24.487 | 27.106 | 6256 | 76.855_§ 18.461 | 16.235

A N X 25823 | 28.080 | 36.840 | 64.750 | 76.462 | 18942 | 22.0¢]

50 0.9 1 41496 | 39.553 1 42281 [ 43313 [ 121127 | 100319 | 82.732 [ 32.110
08 | 45426 | 73.536 | 60.403 | 51262 | 107365 1 88716 | 91977 | 55.482

o (22 1 1658 | 18639 | 24.026 | 26.018 1 61.425 '_65.482 | 14.076 | 16.089
0.2 | 22573 | 25424 | 27.869 | 32.549 | 61347 L 63.786 | 19.066 | 21.816 |

08 | 28106 [ 25289 | 43.944 | 44.098 | 107 645 | 86.342 | SL.ili | 3i.042

09 1| 35649 | 33834 | 76,954 | 54333 | 113145 | 87.325 | 74.995 | 40.291

o |0 1 15853 1 16734 | 22092 [ 22.339 | 62967 ] 68.145 | 13.251 | 14.278

0.1 | 17934 | 22805 | 21.466 | 24.094 | 62135 7036 1 14.953 | 19.355

100 09 | 26104 [ 27746 | 55469 | 28.798 | 113535 88360 i 55.609 | 33.306
0.8 | 35085 | 32765 | 67.354 | 50.822 | 103512 82.138 | 73.993 [ 39.114

o 02 | 15429 116852 | 19.995 [ 24.163 | 56005 59.647 | 12.890 | 14.342

02 | 17.670 [ 24.663 | 19.152 | 27.674 55.006 | 60.130 1 14.739 | 20.84]

0.8 | 24837 | 37700 | 42.698 | 28.385 103 185 28.263 | 53.077 | 33.284

(8)
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3- Simulation:

Four Simulation experiments are designed to estimate the
parameter of The mixed model ARMAC(1,1) by supposing initial
Values to the parameters (4 = +0.9,£0.1),(¢ = +0.8,£0.2)to sample size
(n=25,50,100). Each experiment is repeated 1000 times.

The random error a, of the mixed model ARMA(1,1) has

discrete distribution (Poisson, Geometric) on the one hand, and
continuous distribution (Gamma, Cauchy) on the other. After the
parameter of the mixed model are estimated by non-linear least
square method and the applied proccedure, a comparison of the
results will be bone by using mean absolute percentage Error
(MAPE) to the estimated parameters.

Simulation results is given in the following table:

4- Conclusions:

a. Results show that the applied procedure is good and reliable as
a method to estimate the parameters of the mixed model-from
first order ARMA(1,1).

b. MAPE values of the parameters ¢,0 decrease when the sample
size is in creased in most cases.

c. MAPE values of the parameters ¢ and 6 in crease when the
initial values of the parameters approach 1. MAPE Values of
the parameters decrease when the initial values approach zero.

d. Non-linear least square method gives less MAPE values of the
parameters ¢ and 6 then the proposed method when the
parameters of the initial values approach £1.

e. The applied procedure gives less MAPE values of the
parameters ¢ and Othen the non-linear square method when the
parameters of the initial values approach zero.

(9
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ARMA (Y1) auhall p halidal) 73 galll allaa pas
— Aghdl)l e el ) - e cullad sl aladiul

alill 3 jea daallae Jgisall M) PRI BPRYX: IXVCORIPN
ALaidy) 5 50y AulS Lias 4 paall g 4 ol o glall aid
A3y daals daalall ) patiall AulS

addinl A8 jatall Blug¥l A ddadll pe ARMA(YV¢) ) Jbidall zdsall allae il
sl Glay o allaall oda pal Cpudl ) — s cshd say Rphaall 2l sl Glialil
- slSlaal gl alasinly g ddadll e (g jraall ey sall 45 Hhay 4%l o glul) 128 30 1S

gasall Lhall e e sl of o Al Ll deas A el aal o
. xubll e ARMA (1,1) hbad)
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